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PBEFACE. 



This Key is designed to aid tlie student in an intelli- 
gent study of my Text-Book of Mechanica. It 

contains : — 

(a) Examination Questions upon each chapter ; 
(6) Easy Examples illustrating the principles of 

the text ; 
(c) Full Solutions of all the Exercises. 

Care has been taken to refer in all cases to the 
theorems and demonstrations made use of in working 
the exercises ; and it is hoped that the student will 
not rest satisfied with merely solving the problems, but 
will acquire a thorough knowledge of the principles 
he employs in his work. 

Occasionally different solutions of a problem are 
given, in order to illustrate the statements of the text, 
and to serve as examples of the methods that may be 
applied to similar questions. 

The student should always attempt the solution of 
an exercise himself before consulting the Key, and he 
should try to solve it in two or more different ways. 

J. J. D. 

Dublin, 

April, 1884. 
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Elementary Text-Book of Mechanics. 



CHAPTERS I. AND IL 

KXAMINATION QUESTIONS. 

1. What are the primary conceptions of the material 
universe 1 

2. State the respective sciences which treat of these 
fundamental ideas. 

3. Give a definition of each of these sciences. 

4. Define Kinematics, and point out its relation to 
Algebra and Geometry. 

5. What is motion? What is velocity? 

6. How is velocity divided? Define and illustrate 
uniform velocity and variable velocity. 

7. How is variable velocity divided ? Define acceleration. 

8. State and prove the equation whicli expresses the 
relations between space, time, and velocity, when the velocity 
is uniform, 

9. Give the three equations which express these relations 
when the velocity is uniformly accelerated: — (a), with an 
initial velocity ; (6), when there is no initial velocity. 

10. Show how these equations are obtained. 

1 1 . Prove the second of these formulae without making 
any assumption not self-evident. 

12. What is the most important example in nature of a 
uniformly accelerated velocity ? 

13. Give the equations which * express the relations 
between space, time, and velocity in the case of falling 
bodies. 

14. When a body falls freely from rest in a vacuum, state 
and . prove the propositions which express the relatioxLS 
between the spaces described and the times of falling. 

A 



2 INTBODUCIOBT »TAifPT.WH TO CHAP. IL 



[*] Units op Velocity Aim Acceleration. 

15. Define unit of velocity, and unit of acceleration. 

16. Show how the unit of velocitj is changed when a 
change is made in the units of space and time. 

1 7. Show how the unit of acceleration is changed by a 
change in the units of space and time. 

18. How is the numerical measure of a quantity affected 
by a change in the unitf 

19. How are the numerical measures of a velocity and an 
acceleration respectively affected by a change in the units 
of time and space f 

20. Show that velocities and accelerations may be 
represented by linesi 



Intboductort Examples. 

(a) Three bodies have uniform velocities of 15 miles per 
hour, 120 yards per minute, and 10 yards per second, 
respectively : express these velocities in feet per second. 

(i) 15 miles B 15 X 5280 feet .*. the velocity of the first 
body s 15 X 5280 feet per hour. But as there are in 
an hour 60 x 60 seconds, the velocity per second will 

be the 7 7-th of that per hour.*. 15 miles per 

hour s -I — ^7 — feet per second =22 feet per second. 
60 X 60 *^ '^ 

120 X x 

(2) 1 20 yards per minute = — 7 — ^ feet per second = 6 

feet per second, 

(3) 10 yards per seconds 10x3 feet per seconds 30 
feet per i". 

(5) A body is observed to move in successive seconds 

iriih the velodtieB of. 50 feet, 40 feet, 30 feet per 

aeoond : what is the acceleration \ 



INTRODUCTORY EXAMPLES TO CHAP. II. 3 

The body loses a velocity of lo leet per second every 
second, and therefore (Art. 5) the acceleration =s -10 feet 
per i" per i". 

(c) A body moves with a uniform velocity of 1 2 feet per 
second : (i), what length of path will it describe in 5 seconds ? 

(2), how long will it take to move over a distance of a mile ? 
(i) By Art. 6,8=iut .*. length of path = 12 x 5 = 60 feet. 

(2) By Art. 6, 8 = tU .'. 5280 = i2< .•. < = = = 440 

seconds. 

(d) Two bodies moving with different uniform velocities 
pass over spaces of 120 feet and 150 yards respectively, the 
first in 4 seconds and the second in 2 minutes : find the 
velocity of each body. 

By Art. 6, « = «/<.'. tt = - .*. 

120 
(i) Velocity = = 30 feet per second. 

4 
(2) Velocity = — — ^ = 3! feet per second. 

(e) One body moves with a uniform velocity of 100 yards 
per minute, and another with a uniform velocity of 200 
centimetres per second; what space will each describe in 
20 seconds 1 

By Art. 6, « - tU, Also 100 yards per minute = — -z — - 

feet per second. 

.'. (i) Space = — 2 — 2 X 20 feet =100 feet. 

(2) Space = 200 X 20 centimetres = 4000 centimetres. 

(/) A body has an initial uniform velocity of 120 feet 
per second, and it receives an acceleration of 4 feet per 
second in the same direction as the initial velocity: (i), 
what will be its velocity at the end of 3 seconds 1 (2), what 
space will it have described in that time 1 

a2 



4 IKTBODUCTOBT EXAMPLES TO CHAP. It. 

(i) We employ equation (i) of Art. 1 1 with the + sign, 
since it is the equation connecting velocity and time 
with an initial velocity in the same direction as the 
acceleration. 

V = w + yi5=»i20 + 4x3=si32 feet per second. 

(2) Wfe employ equation (2) of Art. 11, since it 
connects space and time. 

s^tU-^ \f^- 120 X 3 + J X 4 X 3* = 378 feet. 

{jrj) If in the foregoing question the acceleration were in 
the opposite direction to the initial velocity: (i), what 
would the velocity be in 10 seconds? (2), what would be 
its distance from the starting point in that time % 

We employ the equations of Art. 1 1 with the - sign. 

(i) v^u --ft « 1 20 - 4 X 10 s 80 feet per second. 

(2) a^vX-'^fi^^ 120 x*io-i^ X 4 X 10* cs 1000 feet. 

QC) If in Exam. (/), the body, possessing an initial 
velocity of 120 feet per second and receiving an acceleration 
in the same direction of 4 feet per second^ move through a 
space of 500 feet, what will be its velocity? 

We employ equation (6) of Art. xi, since it connects 
space and velocity. 

ffi^v^Ar 2/8 = 1 20' + 2 X 4 X 500 /. V =■- ^18400 * i3S'6 
feet per 1". 

(t) A body falls freely from rest: (i), how far will it fall 
in 5 seconds? (2), how far in 10 seconds? 

We may employ equation (2) of Art. 14. 

(i) « = i5'^* = Jx 32x5^ = 400 feet. 

(2) s = ^gt^ = i X 32 X 10* = 1600 feet. 

Or, using the method of Art. 15 (3) : — 

(i) 5 seconds ~ 20 quarter seconds .*. space = 20* s 400 
ieet. 

(2) 10 seconds = 40 quarter seconds .'. space » 40^ s= 1 600 
feet. 



INTIICDUCTOEY EXAMPLES TO CHAP. II, 5 

( ;) [*], How are the units of velocity and acceleration 
respectively affected when the unit of length is changed 
from I foot to 2 feet, and the unit of time from i second to 
10 seconds? 

Art. 17. (i) By the change in the unit of length alone, 
the unit of velocity is doubled, and by the change in 
the unit of time alone, it becomes one-tenth of its 
original amount, therefore with both changes the 
new unit of velocity = y-^ths = ^th of former unit. 
(2) By the change in the unit of length alone, the unit 
of acceleration is doubled, and by the change in the 

. • . I 

unit of time alone it becomes =T7r7rth its 

10 X 10 ^"" 

original value, therefore with both changes the new . 

unit of acceleration = y^ths = -yV*^ of the former unit. 

(k) [*] A velocity is expressed by 20, and an acce^ei^tion 

by 4, when the units of space and time are respectively 

I foot and i fc;econd. If these units be changed as stated in 

the last question what will be the measure of the above 

velocity, and what will be the measure of the acceleration 1 

Art. 18. Since the new unit of velocity is -Jth the 

former, the measure of the velocity 20 = 20x 5 = 100. 

And the measure of the acceleration = 4 x 50 = 200. 

Or— 

20 
A velocity of 20 feet per second = — new units of length 

20 
per second = — x 10 units of length per 10 seconds " 

= 100. 
And 4 feet per second per second 

4 
= - X 10 X 10 units of length per 10" per 10" = 200. 

Ilence a velocity of 20 feet per second = a velocity of 
100 units of 2 feet each per 10 seconds. 

And an acceleration of 4 feet per i" per x" is the same 
as an acceleration of 200 units of 2 feet each per 10" 
per lo". 



6 SOLUTIONS OF EXERCISES TO CHAP. 11. 

Solutions of Exercises to Chap. II. Page 13. 

1. There being no initial velocity we euiploy the equations 
of Art. 12. 

(a) V =/t = 20x 10 = 2 00 feet per second* 

(b) 8 = ^Jl'^ = J X 20 X 52 = 250 feet. 

(c) v^ = 2/8 = 2 X 20 X 40 .'. V = V1600 = 40 feet per i". 

2. "We employ the equation of Art. 12 connecting velocity 
and time. 

V = ft :. < = -.= — = 4 seconds. 
/ 30 

3. We employ tho equation of Art. 12 connecting space 
and time. 

. = jyi» ... <= y^= yEi£2=i5 seconds. 

4. Since there is an initial velocity, and in the same 
direction as the acceleration, we use the equations of Art. 
1 1 with the + sign. 

(a) v = u +/t = 100 + 10 X 30 = 400 feet per second. 

(6) « = w< + J/l5*= 100 X 5 +^x 10 X 5^ = 625 feet 

5. Using the same equations, but with the -sign. 

(a) v = u -ft = 100 - 10 X 30 = - 200 feet i>er second. 
(6) 8=^ui- \fi^ = 100 X 5 - ^ X 10 X 5^ = 375 feet. 

6. The question is equivalent to : " How far will the 
body move before its velocity becomes o?" We therefore 
employ the equation of Art. 11 connecting velocity and 
space, and using the - sign. 

t;* = w^ - 2f8. Now when the body comes to rest v = o .% 

= 20* — 2 X 5 X « .'. 109=400 .•. 9=40 feet. 

7. This question is equivalent to : '* For what time will the 
body move before its velocity becomes o 9 " We therefore 
employ the equation of Art 11 connecting velocity and 
time, and using the - sign. 

vtsu-fi:, o = 20 - 5^ .'. s<«=2o .*. <=4 sees. 



SOLUTIONS OF EXERCISES TO CHAP. II. 7 

8. Tlio s])acc described in the 6th second is equal to the 
s])ace dcsciibed in 6 seconds less by the space in 5 seconds. 
Using equation (2) Art. 12, « = \ft^ :. space in 6" = ^fy- 6^ 
and space in 5" = J/x 5^. .*. space in 6th second = ^fx 6* 
- A/x 5*-* = •^/(6^ - 5*). But by the question, the space in 
6 til second =132 feet /. 

, 32 = i/(6» - 5^) .-./= gf^ = 24 feet per i" per i" 

TJic whole space described in the 6 seconds is found 
from the same equation of Art. 12, 

8 = ^ft^ /. » = -J^ X 24 X 6^ = 432 feet. 

9. We employ equation (2) Art. 12, since it connects 
space and time, and taking the unit of acceleration = i yard 
per minute per minute, therefore the given acceleration 
= 80 of these units, and 30 seconds = ^ a unit. 

8 = i/i* = ^ X 80 X (■^)2 =10 yards = 30 feet. 
Or:— 

Taking the unit of acceleration as i foot per i" per i", 
then the given acceleration may be expressed in terms 
of this unit as follows. (See Arts. 17 and 18 and 
(k) of Introductory Examples.) 

80 yards per minute per minute. 

=s 80 X 3 feet per minute per minute. 

= — 2 — fe®* P®^ second per minute. 

= ^ — ^ feet per second per seconds — feet per i"per i". 

By Art. 12, «rs^/i5*=s^ >< tt ^ 30^=30 feet. 

10. 105 - 75 SS30 = velocity in feet per second gained in 
a second. Therefore acceleration = 30 feet per i" per i". 
Hence the velocity in the second before the first observed 

= 75 — 30 = 45 feet per i", and therefore in this second it 
passed over a space of 45 feet. Similarly the space described 
in the previous second = 45 - 30^ 15 feet. 



8 SOLUTIONS OF EXERCISES TO CHAP. 11^ 

11. See preceding Solution. The accelei*ation = 33 — 27 
= 6 feet per i" per i". The space described in the 15th 
second = space in 15 seconds less by space in 14 seconds. 
Therefore by equation (2) Art. 12, 

space in 15th second=-^ x6x i^^-}fx 6 x 14* = J x 6 
(i5«-i4») = 87 feet. 

Or: using the principle of Art. 15 (2), since the 15th 
odd number =29, the space described in the 15th 
second is 29 times the space described in the first 
second = 29x3 = 87 feet. 

12. We employ the equation of Art. 11 connecting 
velocity and time, and with - sign since the acceleration is 
opposite to the initial velocity. Equation (2) Art. 11, 
v = u -ft Now by the question the final velocity v becomes 
o in 30 seconds .*. 

o = w— 15 X 30 /. u = 450 feet per second. 

13. We employ equation connecting velocity and space 
with - sign /. equation (3) Art. 11, v^ = u^~ 2/8. And by 
the question the final velocity v becomes o when the body 
has moved through 100 feet, .*. o = «* - 2 x 8 x loc*. t*^ = 1600 

.'. w = 40 feet per second. 

14. We employ equations of Art. 1 4 with + sign. Taking 
unit of acceleration as I metre per second, then (Art. 14) 
9 = 9*8 metres per second. 

(a) v = u + gtf .*. 99 = 50 + 9 • 8< /. < = 5 seconds. 

(b) 8^ut + \gt^ = 50 X 5 + -^ X 9 • 8 X 5^ - 372*5 metres. 

Note. — The above results may also be obtained with 
the same equations, by taking <7 = 32 feet per i" 
per i" and by reducing the metres to feet. 

15. When the body reaches its greatest height its velocity 
becomes o. We employ therefore equation (6) of Art. 14 
with -sign, since it connects velocity and space, and the 
acceleration of gravity is opposite in direction to the initial 
velocity of pix>jection« 

^ siV^ " 2g8 .*. o = w* - 2 X 9 • 8 X 5 10 • 2 .*. tt = Vioooo 
s= 100 metres nearly. 



SOLUTIONS OF JCXERCISES TO CHAP. II. 9 

1 6. We use equation connecting velocity and time without 
initial velocity. 

Art. 14, v = gt=g'Sx (20 x 60) =11 7.60 metres per 
second. 

Note. — In the two preceding solutions g might have 
been taken = 32 feet per i" per i", and the metres 
reduced to feet. 

17. See solution to Exercise 10. 

^372 - 1 12^ = 25 .*. acceleration = 25 feet per i" per i" 
and 112^ - 25 =s 87 J feet. Also 87 J -25 = 62^ feet. 

18. The space described in the last two seconds = space in 
6" - space in 4". 

,*. as in solution to Exercise 8, s^^g (6^ — 4^) = J x 32 
(36- 16) = 320 feet. 

19. We use equation 5 of Art. 14, with the- sign. 

'« = w« - Igt''^ .*. 48 - 64^ - 16^2 .*. ^2 - 4<=« - 3. 

Solving this quadratic equation we find < = i or 3 seconds. 
Hence, at the end of i second the stone wUl be 48 
feet above the ground, and after reaching its greatest 
height it will, at the end of 3 seconds on its return 
to the ground, be once more 48 feet above the ground. 

20. By question the acceleration =8 feet per i" per i". 

Using equation (2) Art. 12, « = J/ij2_i x 8 x 5^ = 100 
feet 

21. We first find the acceleration, using equation (2) 
Art. 12. 

8 = ^/i^ /. 36 = J/x 3« ,-. / = 8 feet per i'' per i". 
To find the velocity, we employ equation (i) of Art. 12. 
i;=?yjl = 8x6 = 48 feet per i". 

22. We find the velocity at the end of the first 256 feet, 
1>y equation (3) Art. 14. This is the initial velocity with 



10 SOLUTIONS OF EXERCISES TO CHAP. II. 

"which the bodj starts to describe the second 256 feet; and 
by employing equation (5) Art. 14, we find the time. 

v^ s= zgs :, V = ^2 x 32 x 256 = 128 feet per second. 

8 = ut + ^{^ :, 256 = i2St + i6t^ .-. t^ + 8<= 16. 

Solving this quadratic equation we find t=i'6$ sec. 

Or : — Find the time the body takes to fall through 256 
feet, and the time it takes to fall through 512 feet 2 
the Inquired time is the difierence of these times. 

We employ equation (2) Art. 14. 

s = igfi:.t= ^ /— =s /' ?-l-iL-=4secs. = timetofall 
V if V 32 

through 256 feet. 

8 = ^gt* :.t= ^* — = ^ 5 — = 5*65 secs.=time to 

fall through 512 feet. 
.'. Time required = 5 • 65 - 4 = i • 65 sees. 

23. Let t « number of seconds previous to the observed 
second. 

Then t+i =whole number of seconds body has been 

falling. 
Space in the (< + i) th second » space in (^ + i) seconds 
--space in t seconds. Employing equation (2) Art. 

Space in (< + i) th second = \g{t + i)* - ^gt'^^ \g{{^ + 1)* 

-<2}=32<+l6 

But by question the space in the (^-l- i) th second 

aa 176 feet. 
.'. 32^ + 16 = 1 76 .'. i » 5 seconds. 

24. We employ equation (2) Art. 14, since it connects 
space and time. 

8 = \gl^ ,\t^ ^ -^^ -/ ^ ^ = 6 seconds. 

Note. — g being taken =r 3 2 feet per i" per i", the space 
must be reduced to feet. 



SOLUTIONS OF £XERCIS£S TO CHAP. II. 11 

2 K, We tind the initial velocity which the body had at B 
and with wHch it described the space BC, by employing 
equation (5) Art. 14. ^This velocity was that which the 
body acquired by falling through the space AB, and we find 
this space by using equation (3) Art. 14. 

Let w = velocity which the body acquired by falling 
from A to B, then this may be regarded as the initial 
velocity with which the body starts to describe the 
space BC. To find u : — Art 14, equation 5, 

8 = ut + ^gt^ ,\ i44=2W + J X 32 X 2^ 

.*. 2u=So .\u = 4o feet per second, the velocity at B. 

Again, how far must a body fall to acquire a velocity 
of 40 feet per i"1 

Equation (3) Art. 14, v^= 2g8 :, 40^ = 648 .'.5=25 feet. 

26. See Art. 15 (i). 

27. See Arts. 17 and 18, and Introductory Examples (k). 

Let t seconds = the unit of time. 

32 feet per second per second 

32 
s= — - X « X < yards pet <" per t'\ Therefore by question 

^2 

^^2 = 384 :.t = 6 seconds. 

3 

28. Taking unit of acceleration = i yard per minute per 
minute, and employing equation (i) Art. 12. 

Then 60 miles per hour = r yards per minute 

= 1760 yards. 
V =/t .-. 1 760 =/x 5 .-./= 352. 

29. 352 yards per minute per minute 

= 352x3 feet per minute per minute. 

» — g feet per second per minute. 

352 X 3 22 
e ^Q ^ ^ = zz ^©et per second per second. 



13 isrnoDUCTOBT examples to chap. iu. 

NoTE.^See Arts. 17 and 18. It is eTident that the 
number which expresses the measure in feet is 3 
times greater than that which expresses it in jards, 
and the number which expresses the measure in » 

f>(:cond is 7 T~ th part cf that in a minute. 

30. 30 miles per hour s= 30 x 5280 feet per hour » 
^ , feet per second = 44. 

31. 32 feet per second per second 

32 
= '— jards per i" per i" 

32 
s= - - X 60 X 60 jardsper minute perminute = 38400. 

«9 



CHAPTER III. 

EXAMINATION QUESTIONS. 

1. Define Component velocities, and Besultant velocitj, 

2. What is meant by the Composition of velocities 1 

3. How is the problem of the comix>sition of velocities 
divided 1 

4. How is the resultant of two or more velocities in the 
same line found 1 

5. How is the resultant of two uniform velocities in 
different directions determined 1 

6. State and prove the Parallelogram of Velocities 1 

7. Give a proof of this proposition which does not make 
any assumption regarding the nature or direction of the 
resultant velocity. 

8. Show how the resultant of two uniform velocities may 
be determined :— -(a), geometrically ; {b\ numerically. 



. INTHODUCTORY EXAMPLES TO CHAP. III. 13 

9. Investigate a general fonmila by which the resultant 
velocity may be found when the component velocities and 
the angle between their directions are given. 

10. State and prove the Triangle of velocities. 

11. State and prove the Polygon of velocities. 

12. State and prove the Parallclopiped of velocities. 

15. Define Resolution of velocities. Show how a given 
velocity may be resolved in a given direction. 

1 4 . State the different methods by which the resultant of any 
number of velocities possessed by a particle may be determined. 

15. How may accelerations be compounded and resolved] 

Introductory Examples to Chap. hi. 

(a) A body has two uniform velocities in the same line 

and in the same direction, of 15 feet per second, and 120 

yards per minute, respectively : what is the resul tant velocity ] 

120 X 3 
120 yards per minute = — 7 — feet per i" = 6 feet per 

second. 
By Art. 21, resultant = sum of components = 15 + 6 -- 
2 1 feet per second. 

(b) A body has two unifoim velocities in the same line 

and in the same direction, of 30 miles per hour and 20 feet 

per second respectively ; and has another velocity of 1800 

yards per minute in the same line but in the opposite 

direction : what is the resultant velocity 1 

, 30 X 5280 ^ 

30 miles per hour = —7 2 — = 44 feet per second. 

1800 X 3 
1800 yards per minute = — 7 — - = 90 feet per second. 

By Art. 21, Resultant = 44 + 20 - 90 =i — 26 feet per 
second. Therefore the resultant is a velocity of 26 
feet per second in the direction of the last velocity. 

(c) A body .has two uniform velocities of 40 feet and 60 
feet per second respectively, in directions inclined at an 
angle of 60^: what is the resultant velocity? 



H INTRODUCTORY EXAMPLES TO CHAP. IH. 

See Fig. t of Art. 26. When the angle AOB or LBM is 

60° it is readily seen that BM = |^BL. Therefore using 

equation (i) Art. 26, OL2 = OB2 + BLa+ 2OB.BM 

.-. OU=^ 6o2 + 402 + 2 X 60 X 20 .-. OU = 7600 .-. OL 

= 20V 1 9 feet per second. 

Or : — Employing the general equation of Art. 2 7 

Y^ = V^ + V'^ + 2tw' COS 60^ = 40^ + 60^ + 2 X 40 X 60 X J 

.'. V = V 7600 = 20^^19 feet per second. 

(d) A body lias uniform velocities of 10 feet and 12 feet 
per second respectively, inclined at an angle of 135® : what 
is the resultant ? 

See Fig. 2, Art. 26^ Since AOB =135^, 0BL = 45o 

/BL2 

andBM= ./ 

V 2 

Using equation 2, Art 26, 0I.«^0B2 + BL» - 2OB • BM 

= 12^+ lo^ — 2 X 12 X ^ — /. OL* = 144 4- 100 

- 24^^50 •*• OL = 8 • 6 feet per second. 
Or: — CTsing the general equation of Art. 27 

Y^ = v^ + v'^ + 2VV cos 135°= 10* 4- 12* + 2 X 10 X 12 

.*. Y* = 100 + 144 ~ 1 20\^2 .'. Y = 8 • 6 feet per second. 

(e) A body has two uniform velocities of 40 feet per 
second and 600 yards per minute respectively, in directions 
inclined to each other at a right angle : what is the resultant ? 

By Art. 26, R^sultant^ = 40^ + 60^ /. Resultant = ^2500 

= 50 feet per i". 
Or : — By Art. 27, Y* = v* + 1/^ + 2t7v' cos 90^ = 40* 

+ 30^ +2 x4ox3oxo = 40* + 30* .*. Y = 50 feet per 
second. 

{/) A body has two uniform velocities of 50 metres and 
60 metres per second respectively, in directions inclined to 
each at a right angle : what is the resultant ? 

As in last question Y» = t;^ + v'^ ~ 50^ + 60'^ .'. Y 
=s 10V61 metres per second. 
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(g) A velocity of loo feet per second is inclined to the 
horizon at an angle of 30°: what is the value of this velocity 
in a horizontal direction ? 

Art. 31, Eesolved velocity = loo cos 30^=100 — ^ 
= 50V3 feet per second. 

Solutions op Exercises to Chapter III. Page 25. 

1. If the velocities be all in the same line, then (Art. 21) 
if they kept the body at rest, two of the velocities would be 
equal in amount and opposite in direction to the third ; but 
this cannot be the case with the given velocities. 

If the velocities be not all in the same line, then (Art. 28) 
if they kept the body at rest, a triangle could be formed, 
having its sides propoi*tional to the velocities and parallel 
respectively to their directions. But since one of the velocities 
is greater than the sum of the other two, no triangle could 
be formed having its sides proportional to the given velocities. 
Hence the body cannot remain at rest in any case. 

2. 3 miles per hour = -r — ^"z~ = 4*4 ^©et per second. 

180x3 
180 yards per minute = — 7 = 9 feet per second. 

Then Art. 2 1 , Resultant = 9-4»4=r4.6 feet per second. 

3. The angle between the directions is a right angle and 

therefore by Art. 26, Resultant* = 8^ + 6^\ R = v^S* + 6» 
= 10 feet feet per second. 

Or, using equation of Art 27, 

V* = t* + v'^ + zw^ cos 90° and since cos 90® = o 

.". V* = «* + 1/* = 8* + 6* /. V = v' 100 = lofeetpersecond. 

100 X 3 

4. lOo yards per minutes — >- — feet per seoond=:5 feet 

per second. 
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Then, Art. 21, resultant velocity = 20 + 25-5 = 40 ^®6* 

per second. 
To dnd the space described with this uniform velocity 

in 10 seconds, we use the equation of Ai*t. 6 : — 

8 = ut = ^o X 10 = 400 feet. 

5. By Art. 31, the component in a horizontal direction = 
100 cos 60® = 100 X i = 50 feet per second. 

The component in a vertical directions 100 sin 60° = 

100 X — ^ = 50V 3 feet per i" 

6. By Art. 31, the velocity in a vertical direction = 500 

(sin 60° or cos 30°) = 500 x — = 25oV^3 feet per second. 

7. Each velocity has its full effect independent of the 
other. The time taken to cross will be the same whether 
the water is flowing or at rest, that is if there were no 
current, the time taken to cross with the given rate of 
rowing would be the same as the time that is taken to 
describe the actual path with the resultant velocity com- 
pounded of the rowing and the current of the stream. 

Hence since the width of the stream is 440 yards, and 
the boat is rowed at . the rate of 44 yards per minute^ 

=10 minutes, the time taken to cross. And since 

during this time the boat is carried with the stream at the 
rate of 10 yards per minute, it will be carried down the 
stream lox 10=1 00 yards. 

See Exam, i, page 75. 

8. By Art. 21, the resultant velocity up the stream = 10 
— 2 = 8 miles per hour, and the velocity down the stream 
S3 10 + 2 = 12 miles per hour. 

9. Since the rate down is increased by the rate of the 
stream, and that up is diminished by the rate of the sl^ream, 
it follows that the difference of the rates down and up is 
twice the rate of the stream. Hence 7*1 - 6^ = i mile per half- 
hour = 2 miles per hour = twice rate of stream. 

Therefore the rate of the stream = i mile per hour. 
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10. {The student wiU draw tlis diagram,) Draw AC 
respresenting the velocity southwards, and AB at right 
angles to AC representing the velocity cif the ball to the 
west ; complete the rectangle ABDC and join AD. Then 
Art . 26 or 2 7, ADa = AB^ + AC^ .-. V« = 5^ + (5\/3)« /. V 
= ^25 + 75 = 10 feet per second. 

DC 

Again in- the triaDgle DAC, by Trigonometry, xt\ 

= sin A .*. sin A =s — = ^ = sin 30° .*. A = 30°. 

11. {The student toiU draw the diagram,') Let AD 
represent the resultant velocity = 50 feet. From A draw 
AB = 25 feet, and making an angle of 60° with AD, Join 
BD. Then the triangle ABD is evidently half of an equila- 
teral triangle, and the angle ABD is a right angle. There- 
fore BDa = AD^ - AB» = 50* - 2 52 .*. BD = 2 5 V3. Complete 
the rectangle ABDC; AC = the other component = BD 
= 25^/3 feet i^er seconcL 

1 2. The distances travelled in half an hour will be 6 miles 
and 5 miles respectively, and these distances will form ther 
sides of a right-angled triangle whose hypotenuse will be 
the distance apart. Therefore, by Geometry, Distance^ 

= V62 + 52=^61 = 7-8 miles. 

13. The line joining their positions at any time forms one 
side of an equilateral triangle whose other sides are the 
distances travelled along the roads. Hence the distance 
apart is equal to the distance travelled by each =1^ mile. 

'^ , 15 ^ 5280 ^ ^ 

14. 15 miles per hour = ~ — ^ — = 22 feet per second. 

By Art. 26 or 27, V = ^^22^ + lo^ = 24* 16 feet per second. 

15. We may proceed either according to the method of 
Aa't. 26 or of Art. 27. 

B 



18 SOLUTIONS OF EXERCISES TO CHAP. III. 

Employing the equation of Art. 27, ve have 

(a) V* = 100* + 100^ + 2 X 100 X 100 X cos 30° 

= loooo + loooo + 20000 — .*. V = 103 '2 feet 

2 

per i" 

^h) V* = 100* + 100^ + 2 X 100 X 100 X cos 120° 
= loooo + 1 0000 + 20000 (-i) /. V=ioo feet 
per i". 

i6. 15 miles per hour = -^-^ feet per minute = 1320 

feet per minute. 

Therefore the velocities are as 25 : 1320 or as 5 : 264. 

5280 

17. I mile in 10 minutes = >— =.8*8 feet per second. 

' 10 X 60 '■ 

100 X 3 
100 yards in 10 seconds = =30 feet per second. 

Therefore ratio = 8 • 8 : 30 or as 22:75. 

18. See Art 32. Besolving along the direction of the 
velocity 10 and at right angles, and calling the sum of the 
resolved parts in the first direction X, and in the second Y, 
we have 

X = 10 - 8 cos 60*^ — 8 cos 60** = io-8xi-«x^=2 

y = o + 8 cos 30° - 8 cos 30° = o. 

Since the sum of the resolved velocities in the latter 
direction vanishes, the resultant is the sum in the 
direction of the velocity 10, equal 2 feet per second. 

19. Kesolving in the east and west direction, and then in 
the north and south ; and calling the sum of the resolved 
velocities in the former direction X, and in the latter Y, we 
have 

X = 60 - 20 = 40. And Y = 30. Ther efore by A rt. 32, 

Resultant = ^X« + Y* = v' 40' + 30* = 50 feet per 
second. 



SOLUIIOKS OF SZEBCISES TO CHAP. III. 19 

20. By Art. 26 or Art. 27, . 

y = ^10* + 8 • 8' = Vi77»44 = 13 • 3 feet per second. 

21. Since. each of the velocities is in a direction at right 
angles to the other two, we employ the equation of Art. 30. 



/. V = ^22* + 4 • 4* + 8* = 23 • 8 feet per second. 

In the above equation 22 feet per i"— 15 miles per 
hour, and 4*4 feet per 1" = 3 miles per hour. 

22. We employ equation of Art. 27 to find the resultant 
velocity. 

/. V^ = 12* + 3^ + 2 X 12 X 3 X cos 45° = 144 + 9 + 36V'2 
= 14 • 28 miles per hour. 

To find the distance traversed with this uniform velocity,' 
we employ the equation of Art. 6. 3 = tU^i4»2S 
X 4 = 57.1 miles. 

23. By Art. 30 the Resultant acceleration 

= \^20^ + 30* + (20V3)* = 50 feet per i" per i". 

To find the spaco described with this acceleration we 
employ equation (2) Art 12. « = ^/t^ = ^ x 50 x 10* 
= 2500 feet. 

24. By equation of Art 27, V^ = 20* + 50* + 2 x 20 x 50 

X cos 45® = 20* + 50* + 2000 X ^V 2 /. V = 65 • 68 metises per 
second. 

By Art, 6, ^ s= w« = 65 • 68 X 2 = 131 • 3 metres. 

25. B,esolving horizontally in each case, we have by 
Art. 31 

(i) 50 cos 45°= 50 X ^1/2 = 251/2 feet per sec. per sec 

(2) 100 cos 45** = 100 X ^^2 = 50 V 2 feet per sec, per 

(3) ICO V2 COS 45° = 100 V2 X ^^2 e 100 feet per sea 
per sec, 

b2 
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26. We obtain the lesnltant velocity by Art. 26 or 
Art 27. 

And since 15 miles per hour = 22 feet per second .'. 

(i) YS=:22* + io'/.V = 24- 16 feet per second. 

(2) B7 Art. 6^ « = u<= 24-16 X 3 = 72-48 feet. 

27. By Art. 27, V* = «* + t/ + ivt/ cos i20** = 22*+ lo* 

+ 2 X 22 X iox(- J).". V=\^364=i9«o8 feet per 

28. By Art. 27, V'= io*4 i2* + 2 x 10 x 12 x -3 /. V 
5=^316 = 17-7 feet per i". 

29. (i) By Art 27, 

V*= 20* + 30* + 2 x 20 X 30 X J /. V=Vi6oo = 40 feet 
per i". 

(2) By Art 12, « = J/^= ^ x 40 x io*= 2000 feet 

30. (The student vnU draw the diagram.) Let O be 
the body. Draw OB horizontal and = 10 ; draw OA = OB 
making an angle of 30^ with OB above the horizontal line ; 
draw 00 = OB making an angle of 60^ below the horizontal ; 
and draw OD = OB veitically downwards. These lines 
represent in magnitude and direction the given velocities. 

(i) Resolve vertically and horizontally, as in Art 32. 
Then calling the sum of the resolved velocities in a 
vertical direction X, and the sum of those in a 
horizontal direction Y, we have 

X = 10 cos 60** + o - 10 cos 30** - 10 = 5 X J - 5V3 - 10 

= -5-5^3- 
Y=iocos3o°+ 10 + ioco8 6o° + o = sV3 + io + 10 x J 

.*. R = \^X*+ Y*= ^^746-39 = 27-32 feet per sec. 
(2) By Art. 6, 5 = ^^ = 27-32 x 5 = 136-6 feet 
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CHAPTER IV. 
JEXAMINATION QUESTIONS. 

1. State Mewton's First Law of Motion. 

2 . De&ie Matter and Force, and show how these definitions 
are obtained. 

3. What is Inertia? Give illustrations of inertia. 

4. When a body is at rest, or in uniform motion in a 
Mraight line, what may be inferred with regard to the action 
of forces on the body ] 

5. Mention different kinds of forces. 

6. How may forces be represented ] 
, 7, How may forces be measured ? 

8. If a force act constantly on a body which is perfectly 
free to move, what kind of velocity is produced ? If at any 
instant the force cease to act, and no other force acts on the 
body, with what kind of velocity will the body move?' 
Give the reasons for your answers. 

9. When a body moves upon a smooth inclined plane, how 
may the relations between space, time^ and acceleration be! 
determined ? 

10. Show that the velocity acquired by a body in falling 
down an inclined plane is equal to what it would acquire in 
faUing freely through the height of the plane. 

' 1 1 . If chords be drawn from the highest point of a vei*tical 
circle, show that the time taken by a body to fall down any . 
chord is the same as that taken to fall through any other j 
chord. 

12. Determine the line of quickest descent from a given 
point to a given line in the same vertical plane. 

13. When a body is projected vertically upwards in a 
vacuum show : — 

(i) The time of ascent is equal to the time of descent. 



(2) The ▼elodty' iHien H retoiiis to the point of pro- 
jecdon is eqaid to the yeloc^ vith whidi it was 
projected, bat is opposite in directioD. 

(3) The Telodty at anj point in its aaoent is equal and 
opposite to its Telocity at ihe same point in its 
descent. 

14. How are the results stated in the last qaestion modi- 
fied when the body moTes in the air instead of in aTacnumt 



IlTBODUCTORT EXAMPLES. 

(a) A plane is inclined to the horison at an angle of 30% 
and a bodj faUs finom rest down the plane : (i ) What velocitj 
will it acquire in 6 seconds ; (2) What space will it describe 
in that time 1 

See Art. 43. We employ the equations of Art. 14, 

writing g sin i for g .'. 
(i) v=g sin 30^ 1=532x^x6 = 96 feet per second. 
(2) « = X^sin 30** <*=:^x32 x^x 6^=288 feet. 

(b) If in i£e preoediog question the body had been thrown 
down with a Telocity of 50 feet per second, (i) What 
Telocity would it acquire in 3 seconds, (2) Wbat space 
would it describe in 5 seconds) 

We employ equations (4) and (5) of Art. 14, wilting 

g sin t for g. 
(i) v = t* + ^ sin 30^^ = 50 + 32 X -J X 3 = 98 feet per 

second. 
(2) « = «« + ^8in 30® <* = 5ox 5 + ^x32 xix5« = 450 

feet. 

(c) A body is thrown Tertically upwards from the ground 
with a Telociiy of 256 feet per second: (i) What Telocity 
will it haTO in 4 seconds ) (2) How high will it be above the 
ground in 2 seconds? 

We use equations (i) and (2) of Art. 47. 

(i) i? = tt— ^^=256-32 X 4 = 128 feet per second. 

(2) ssfU" \g^ = 256 X2 — Jx32x2* = 448 feet. 
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(d) In the foregoing case find the velocity in 8 seconds^ 
and the height above the ground in i6 seconds. 

(i) 1? = 14-^^ = 256 - 32 X 8 = feet per i". That is, 
the body has reached its greatest height and has 
come to rest. 
(2) 8 = ut-\gi^^2^6 X 16- J X 32 X 16* = feet. That 
is, the body has returned to the ground. 

Solutions op Exercises to Chap. IV. Page 37. 

1. (i) Art, 14, equation (4), v = tt - ^< /. < = = 

= 3 seconds. 
(2) Art. 14, equation (5), 8 — ut - \gt^ :.Sg^^gt 

- \g^ :. t* - io< = — 16. Solving for t we find t=2 

seconds or 8 seconds. 
Hence in 2 seconds the body will rise to the height 8^. 

It will then go up to its greatest height, will return 

again, and at the end of 8 seconds will once more be 

at the height of 8^ above the ground. 

2. We employ equation (5) Art. 14 with -sign :— 

a^ut—^g^ :, 

(a) Height = 96 x 2 - i x 32 x 2* = 128 feet. 
W 79 = 96 X 5 - i X 32 X 5'= 80 feet. 
[c) „ = 96 X 6 - J X 32 X 6* = o feet. 

S^) » = 96 X 10 - i X 32 X 10* = - 640 feet. 
^) » =96 X 12 -J X 32 X 12*= - 1152 feet. 
The answer to (c) shows that the stone has returned in 
6 seconds to the point of projection. The - sign in 
the answers to (d) and (e) shows that the stone 
has passed below the point of projection. 

3. Let t = the time taken by each body till they meet. 
Then the space described by each is given by equation (5) 
of Art. 14, taking the -sign in the case of the body pro- 
jected upwards, and the + sign for that downwards /. 

Space described by ist body = w« - ^t' = 641 — i6t* 
Space described by 2nd body = ut + ^gt' = 64^ + 1 6t*. 



t 
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But the sum of tHe space = height of tower .*. adding the 
equations and putting the sum = the height^ we have 
1 2St = 1 28 .'. < = I second. 
Substituting the value of t in each of the above equations, 
we have the space described bj the first = 64 x i 
— 16 XI* = 48 feet, and by the second = 80 feet. 
Therefore the stones will meet at a point 48 feet 
from the base, and 80 feet from the top. 
4. . Let t = the number of seconds that elapse till the stones 
meet. We employ equation (5) of Art. 14 with - sign to 
obtain the space described by the body projected upwards, 
and equation (2) Art. 14 for that allowed to fall from rest. 
Hence as before 

Space described by ist = w^ - ^gt* = 64^ — 1 6^. 
Space described by 2nd = ^gi^ = i6<'. 
The sum of these spaces = height of tower /. adding the 
equations, 

64^ = 1 28 .'. ^ = 2 seconds. 
Substituting this value of t in each of the equations, 
we find the space described by each = 64 feet /. the 
• bodies meet half way. 
5. (i) When the body reaches its greatest height its 
velocity becomes o /. problem (i) may be expressed 
as follows ; — Find the height to which the body will 
reach' when its velocity becomes o. We therefore 
employ equation (6) of Art. 14 with — sign, since it is 
the equation connecting velocity and space, and the 
initial velocity is opposite in direction to the accelera- 
tion of gravity .*. v* = u* - 2g8. And as the velocity 
becomes o when the greatest height is reached, we 

120* 
have 0= i20*-2 X 32 x«.'. «=s =s22^feet» 

2 X X2 

(2) We employ equation (5) Art. 14, with — sign. 
« s= u< - ^gf =I20X5--Jx32x5* = 200 feet. 

(3) 8-ut- \g^ = 120 X 10 - J X 32 X 10 = - 400 feet 
The answer to (3) shows that in 10 seconds, the body 

has come back and has passed 400 feet hdow the 
point of proiection. 
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2U 2 X I20 

6. From Art. 47, the time of flmht = — = = 7 J- 

tn ^ g 32 '* 

seconds. 

7. We have first to determine the velocity of projection. 
And since by the question it jtLst reaches the top of the 
tower, it follows that its velocity becomes o when it reaches 
the height of 256 feet. Hence this part of the question 
may be expressed as follows : — With what velocity must a 
body be projected so that when its velocity becomes o it will 
have reached the height of 2 56 feetl We employ equation (6), 
Art. 14, with - sign, since it is the equation connecting 
space and velocity .*. 

i;* = w*- 25'«.*. o = w' - 2 X 32 X 256 /. w= 128 feet per 
second. 

The first part of the question may now be stated as 
follows: — A body is projected vertically upwards 
with a velocity of 128 feet per second : when will it 
reach the height of 128 feet? We employ equation 
(5), Art. 14, connecting space and time. 

{i)8 = ut-\gt*:, i28 = i28<-i6^".-.«»-8<= -8. 

.*. < = I • 17 sec. and 6 • 82 sec. That is in i • 1 7 sec. it 
passes the middle iM)int of the tower going up, and 
in 6*82 seconds it passes the middle point coming 
down. 

r • 

(2) Since the height of the tower is the greatest height 
to which the body reaches, therefore Art. 47, 

r«. . w 128 

Time of ascent = - = = 4 seconds. 

8. To find the velocity at the middle point of the tower 
going np, we use equation (6), Art. 14, connecting velocity 
and space. 

i;* = w* - 2g8 = 1 28* - 2 X 32 X 1 28 .*. V = 64V2 = 90 • 5 feet 

per second. 
And from Art. 47 the velocity at the middle point 

coming down is the same as that at the same point 

going up, but is of opposite sign. 



I 



I 



I 
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9. See Art 43. We employ equation (i) of Art. 14, 
'^Rriting ^ sin t for g. 

v = g sin it^^2 x — X4=i2«8 feet per second. 

10. We use equation (2), Art. 14, writing ^ sin i for g. 
« = ^^ sin 30° ^ = ix32xjx5"s= 200 feet. 

11. When the body reaches the top of the plane its 
velocity becomes o, hence, as in solution to Exercise 7, the 
question may be expressed : What is the length of the plane 
rising i in 16, so that when a body is thrown up the plane 
with a velocity of 128 feet per i", its velocity may become o 
when it reaches the top ? We employ equation (6) of Art. 
14 with -sign, but writing g sin i for g :. 

1/* = t6* - 2^ sin t « .'. o = 128* - 2 X 32 X -jc X 5 .*. # 

128* 
= = 4096 feet, 

12. Art 14, equation (2), writing ^ sin t for g» 

« = J^r sin 1 «• .*. 128 = J X 32 X i X <• .*. < = 4 seconds. 

13. (a) We use equation connecting velocity and timei 
writing g sin % for g, 

/. f?s=t*-^ sin t ^5=50 - 32 X — X 5 = 34 feet per 

second. 

(&) This part of the question is equivalent to : — In what 
time will the velocity be o 9 We therefore use the 
same equation, putting 1; = o. 

• •- ^ * * SO . 

t? =s tt - ^ Bin t < .'. o = 50 - 32 X — X < .'. < = -• s= i5|. 

32 X — 

seconds. 
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14. See solutions to Exercises 7 and 1 1 . We use equation 
(6) of Art. 14, writing g sin i for g. i^^v? - 2g sin % a :. o 

^ ft ^ 

= tt -2X32XT- X 225 :,vr=2 X 32 X 7~ X 225 /. tt = 15 

feet per second. 

15. We employ equations (4) and (5) of Art. 14, writing 
g sin i for g^ and with + sign, since the initial velocity is 
in the same direction as the acceleration of gravity. 

(i),v = w + ^sint<=5o + 32 x — x 3 = (50 + 48 V3)feet. 
{2),s = iU + ^ sin t ff= 50 X 3.+ 16 X — X 9 = (150 

2 

+ 72^3) feet. 

16. Here since there is no initial velocity, we use equation 
(2) Art. 14, substituting ^ sin t for g* 

8=^\g sin I i'r: -J X 32 x — >< (S ^^ 6o)*= 14400 feet. 

17. We now employ equation (5) since there is an initial 
velocity. And since 15 miles per hour =22 feet per second, 
we have 

9 = iU + \g sin i i*=22 x 60 + J x 32 x x 6o*= 1896 feet. 

18. Let < = No. of seconds taken by the ist stone to 
overtake the 2nd. 

Then t- 2 — No. of seccmds 2nd stone has been in motion. 
Employing equation (2) of Art. 14 we find the space 

described by each stone, and by the question the 

difiference of these spaces = 192 feet. 

:.\g^-\g {t" 2)^=^ 1^2 
.-. i6i* - i6«' + 6^t - 64 = 192 

.'. 64^ = 256 .'. ^ = 4 seconds, the time taken by ist stone 
to overtake 2nd. And ^-2 = 4-2 = 2 seconds, the / 
time the 2nd has been in motion. 
The space described by the first stone in 4 seconds is 

found from equation (2), Art, 14. 
« = i^= i X 32 X 4»= 256 feet, the distance from the 
top of the precipice. 
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19. Let < = No. of seconds taken hj the ist before being 
overtaken. 

Then t- 2 = No. of seconds taken hj the 2nd to over- 
take the first. 

We employ equation (5) of Art. 14 with + sign to find 
the space in each case, and as these spaces ai*e equal 
we have 

20i + Jx 32 X i*= 100 (^- 2) + ^ X 32 X (^- 2)* 

:,'2ot + i6i*= loot - 200 + 16^ - 64^ + 64 

.'. i6< = 136 .*. i = 8 J seconds, the time that elapses from 
the starting of the ist stone. 

20. The solution is the same as in the last exercise only 
that we use the - sign in equation (5), Art. 14. 

Making the same supposition as in last solution, then, 
Space described by ist stone = t/< - \gl' = 1 2o< - 1 6t\ and 
S|>ace described by 2nd stone = u{t- 2) -^ (t- 2)' 

= 200 (t- 2)- 16 (t- 2)* .-. 

Since spaces are equal, i2ot- i6t^ = 200 (t - 2) - 16 
(t - 2f :. 

^ = 37 seconds, the time that elapses after the starting^of 
the first stone. 

21. We may calculate the vertical diameter, and then find 
by equation (2) of Art. 14 the time taken to fall freely 
through this height. This, by Art. 44, will be the time 
taken to fall down the chord. 

Or, we may proceed as follows. Since the chord makes 
an angle of 45^ with the vertical diameter, the 
inclination of the chord to the horizon is also 45^. 
Employing therefore equation (2), Art. i4,and writing^ 
g sin 1 for g (Art. 43), we have 

< = ^ sin i t*.'. 32=^x 32 x^v'Jx <■/. 
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.22. We may use either of the methods of last solution. 
The inclination of the chord to the horizon is in this case 
60°. Therefore, employing the same equation as in last 
solution, we have 

8 = ig sin 60^ «^ .*. 24 = J X 32 X — - x i' :. 



^= V;^"' ^V3=v^3 seconds. 



V3 

23. Since the body receives an acceleration of 2 feet per 
second in one direction, then in 5 seconds its velocity is 
given by equation (i), Art. 12, t; = /i5 = 2x5 = io feet per 
second. Since the velocity in the other direction is uniform 
it will always possess this uniform velocity in that direction. 
Hence- at the end of 5 seconds the body possesses in each 
direction a, velocity of 10 feet per second ; and its resultant 
velocity is obtained from the equation of Art. 27, 

V* = i;* + v' + 2in?' cos 60® = 10* + lo* + 2 x 10 x 10 x ^ .*. 
V = iov'3 = 17.32 feet. 

24. The horizontal velocity will always be the same (see 
Art. 42). The vertical velocity in 5 seconds is obtained 
from equation (i), Art. 14, 

i; = ^^ = 32x5 = 1 60 feet per second. The resultant 
velocity is obtained from equation of Art, 27, the 
last term of the equation vanishing since cos 90^ = o. 

V = 100* + 160* .*. V = 188 • 6 feet per second. 

The distance of the body at the end of the 5 seconds 
from the point of projection is evidently the hypot- 
enuse of a right-angled triangle of which the sides 
are the spaces that would respectively be described 
in 5 seconds with each velocity. Now with the 
uniform velocity the space described would be, by 
Art. 6, = w< = 100 X 5 = 500 feet. And with the ac- 
celerated velocity, by equation (2), Art, 12, the space 
= i/^ = 1x32x5' = 400, Hence the distance from 
the point of projection = V500* + 400* = 640 • 9 feet. 
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25. As in last question the uniform velocity at end of 5 

seconds = 48 feet. The velocity produced by gravity in 5 

seconds is found from equation (i), Art. 14. v=:gtsz^2 x ^ 

= 96 feet per second. The angle between the two directions 

= 90° + 30° = 1 20° /. (Art. 27) V" = v* + 1?'' + 2vv' cos 1 20° 

.*. V' = 48* + 96* + 2 X 48 X 96 X (--^) = 6912 /. V = 83 . 1 feet 

per second. 

g ^I2L 

26. The unifoim velocity, by Art. 6, i= 7 = - — =* 128 feet 

I 4 

2)cr second. 

28 2 X 256 
The acceleration by equ«ition (2), Art. 12, = -p = — -7 — 

= 32 feet per i" per i". 

The uniform velocity remains constant (Art. 42). The 
accelerated velocity in 4 seconds is found by equation 
(i), Art. 12. 

v = /i = 32 x4=i28 feet per second. 

The resultant velocity is found from Art. 27. 

y = v^ -i- v'' + 2w' cos 120° = 128''+ 128'+ 2 X 128 
x I28x(-i) 

.*. V = 1 28 feet per sec. 

27. The stone partakes of the upward motion of the 
balloon so that if it were merely dropped it would have an 
upward velocity of 50 feet per second, but being thrown up 
its initial upward velocity = 50 + 30 = 80 feet per second. 
Its distance from the point of projection in 10 seconds is 
found by using equation (5), Art. 14, with - sign, since it is 
the equation connecting space and time. 

sszut^ ^gt* =80x10-16x100= - 800 feet. 

That is in 10 seconds the stone was 800 feet bdaw the 
point of projection ; and as by the question the stone 
then reached the ground, it follows that the ground 
was 800 feet under the balloon at the instant tho 
■tone was projected 
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28. (i) Since the stone takes 10 seconds to reach the 
ground, and during this time the balloon ascends uniformly 
at the rate of 50 feet per second, it rises through a height 
ofiox5o = 5oo feet above the point where the stone was 
projected ; and as this point by last question was 800 feet 
above the ground, therefore the balloon in 10 seconds is at 
a height above the ground of 500 + 800 = 1300 feet. 

The greatest height above the point of projection that 
the stone reaches is found as in Art. 47, or as in 
solution to Exerdse 7, by employing equatipn (6), 
Art. 14, with - sign. 

t/* = u^ — 2g8. And as the velocity becomes o when the 
greatest height is reached .*. o = 80^ -2x32x8. •. « 
= 100 feet, that is the stone rises to a height of 
100 feet above the point of projection, and as this 
point was 800 feet above the ground, the greatest height 
above the ground that the stone attains = 100 + 800 
= 900 feet. 

29. By Art. 21, the resultant of the two velocities given 
to the stone by the motion of the balloon and by the upward 
throw = o .*. as there is no initial velocaty we employ equation 
(2) of Art. 14, to find the space described in 5 seconds ) this 
will be the height of the balloon above the ground at the 
instant of projection. 

.*. 8 = -1^^'= J X 32 X 5* = 400 feet. 

30. As the effect of each velocity is independent of the 
other (see Art. 42), the time taken by the stone to reach the 
ground ia the same as if it were merely dropped from the 
top of the tower, and the horizontal distance described is the 
same as if gravity did not act on the stone. Hence to £nd 
the height we employ equation (2), Art. 14, and to find the 
horizontal distance, we employ equation of Art 6 .*• 



(i) B = \gt^ = \ X32 X (-j = 100 feet, 
(2) Space = tt< = 100 X 2^ = 250 feet. 
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(3) The distance from the point of projection to the 
point where the stone strikes the ground is the hypo- 
tenuse of a right-angled triangle, the perpendicular 
side being 100 feet and the base 250 /. 



Distance = Vioo'* + 250' = ^^72500 = 269 • 2 feet. 

31. See Art. 36. In the first case owing to inertia the 
man's bodj does not at once take up the motion of the boat, 
he is therefore left behind, and falls backward. In the 
second case owing to inertia his body tends to go on with 
the motion it has acquired and he therefore falls forward. 

3 2. See Art. 42. Since the screw has acquired the onward 
motion of the carriage, and while it is falling it and the car- 
liage are moving forward with the same velocity, it follows 
that relative to the carriage it has no onward mption, and 
-therefore to a person in the carriage it appears to fall ver- 
tically just as if during its fall the caniage were at rest. 
And since the effects of the two velocities are independent 
of each other, we find the distances in a horizontal and in a 
vertical direction, by employing the same equations as in 
solution to Exercise 30. 

(2) Since the screw has an onward velocity of 30 miles 
per hour, or 44 feet per sec, therefore in i sec. the 
space described is (Art. 6) = w^ = 44 x i = 44 feet = 
horizontal distance. And (3), by Art. 14, « = J^t' 
= ^ X 32 X I* = 16 feet. 

33. The ball is thrown vertically upwards, and having, 
acquired the horizontal velocity of the rider moves during 
its time of flight as far in a horizontal direction as the rider 
does, and therefore returns to his hand. 

34. See Art. 42. The height and the time of flight will 
be the same as though there were no horizontal velocity, and 
the range or horizontal space described will be the same as 
though there were no vertical velocity. 

See Art. 47, and solution to Exercise 7. 



■) 
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{i) To find the greatest height, or to find the height 
when the velocity becomes o. if=u' — igs :. 

o = 80' - 2 X 32 X * .-. 5 = 100 feet. 

2U 2 X 80 

(2) Art. 47, Time of flight = — - = = 5 seconds. 

(3) Art. 6, Eange = wi= 50 x 5 = 250 feet. 

35. In 10 seconds the height ascended with a uniform 
velocity of 16 feet per second = lo.x 16 = 160 feetw The 
stone being now let fall from the car, it possesses an upward 
initial velocity equal to that of the balloon =16 feet per sec. 
The question " when will it reach the ground T is equivalent 
to the following : When will it be 160 feet below the point 
of projection ? 

', We employ equation (5) of Art. 14 with - sign. 

B^iLt-\ gi*. And since the space 8^160 feet hdow 
the point of projection, we make it negative in the 
equation .*. - i6ofeet = i6< - i6t' :, ^ - t = 10 :. ^ = 37 
sees. 

36. In 2 seconds the height reached by the lift is found 
by equation (2), Art. 1 2, « = ^/t^ ^i^ 16x4 = 32 feet. 

The velocity at that instant is found by equation (i), 
Art. 12, i? = yi5=i6x 2 = 32 feet per second. This is 
the upward initial velocity of the stone when allowed 
to fall from the lift. Hence the question is equivalent 
to the following : A stone is thrown upwards with 
a velocity of 32 feet per second, when will it be 32 
belou) the point of projection ] We proceed exactly 
as in last solution. , 

j= trf - yt' .-, - 32 = 32^ - i6t* :. 4«- 2« = 2 .*. < s= 2 . 73 
seconds. 
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37. See last solution. Space ascended in 10 seconds 
= ^/^ = i X 16 X 100 = 800 feet. 

Initial upward velocity of stone = yi = 16 x 10 = 160 ft. 
per sec. 

When will the stone be 800 feet below the point o^ 
projection 1 

8= lU-^g^ :, - 800 = i6ot - 16^/. «■ - lot =50/. « 
= 13*6 sees. 

38. Let u 3= Telocity of projection. Then the height to 
wluch this Telocity will carry the body is obtained from 
equation (3) of Art. 47. (See also solution to Exercise 7.) 

tj' = !«• - 2g8 :. o = w* - 2g8 :, « = — , the greatest height. 

2g 

Let t =3 No. of seconds taken by each body till they 
meet. Then the spaces described by the bodies in 
this time are found from equations (2) and (5) of 
Art. 14 ; and since the sum of these spaces % the 
height; we haTO 

u 
The space described by the first body in this time — * 

is obtained from equation (2), Art;. 14, space s|^^ 

= W- y =^ = i^ the whole height. 
\ ^9 J og 

Again the time taken to fall through ^th the height = ^ 
the time taken to fall through the whole height 
(since space varies as square of time — See Art. 15). 
Therefore the balls will meet after a time equal to 
one-half that taken to fall through the whole height, 
and at a point one-fourth of the whole height ^m 
the top. 
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39. By the question, ^ = 32x2 •6. We employ 
equation (2), Art. 14. s = ^t' .-.167 = ^ x (32 x 2 • 6) x <« .-. t 



'J 



2 X 167 1 

' = 2 sees, nearly. 



32 X 2'6 

40. See solution to Exercise 34. 

(i) V* = w* - 2g8 :. o = 48* - 2 X 32 X «.-.« = 36 feet. 
(3) Time of flight = ^i? = iiii? = 3 sees. 

(2) flange = t<< = 25x3 = 75 feet. 

41. See solution to Exercise ii. 

(i) V* = w* - 2^ sin t « /. o = 16' - 2 X 32 X \ X z .*. s =8 
feet. 

(2) B^ui-^\g sini ^=i6x S-ix32x^x 5'= - 120 
feet. 

That is it will be 120 feet hdow the starting point. 

42. Let u = the uniform velocity of the balloon, then as it 
ascends for 4-5 seconds before the stone is dropped, the 
height reached = 4* 5t6 feet. This height is hdow the point 
of projection of the stone and therefore must be made 
negative in the equation. (See solution to Exercise 35.) 

(i) « = w< - -J^^* .'. -4jt«=7u~ 16 X 7'.*. iij|«= 16 X 49 
.'. « = 68 • 1 7 feet jper second. 

(2) Height = wi = 4-sx68-i7 = 306 • 7 feet. 

43. We first find the velocity with which the stone was 
projected so as just to reach the top. See solution to 
Exercise 7, and also Art. 47. 

f^^u* - 2g8 .'. o =«*■ - « X 32 X 100 .'. w = 80 feet per sec. 

To find when with this velocity it will reach the height 
of 80 feet we employ equation (5) Art. 14. 

s^ut -\gf:.%o =8o<-i6<^.-.<*-s<= '5.-.« = i -38 
sec., or 3 • 66 sec. 

c2 
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The former answer gives the time when the stone gaing 
up reaches to within 20 feet of the top, and the lattei^ 
the time coming down when the stone is at the same 
point. 

44. By Art. 47, the time of flight = — = 2J<_£oo ^ ^ . ^^^ 

9 Z^ 

45. By Art. 47^ the time of reaching greatest height 

= _ .-. 6 = — .*. w = 32 X 6 = 192 feet per sec. 
9 32 

Or : — ^The question is equivalent to the following : — 
"With what velocity must a body be projected 
upwards in order that it may move for 6 seconds 
before it stops?" We use equation connecting velo- 
city and time, t? = w - ^< /. o = m - 32 x 6 .*. v 5= 192 
feet per sec. 

46. See Art. 47. 

47. The stone when dropped has an initial upward velo- 
city of 16 feet per second. 

(i) To find its height above the point of projection in 
I second we employ equation (5), Art. 14, connecting 
space and time. 

8:sut- ^f = 16 X I - 16 X I* = o. Therefore the stone 
in I second has returned to the point of projection. 

(2) To find when the stone will be 400 yards = 1200 
feet hdow the point of projection, we use the same 
equation, making the space negative .'. 

B^ut- igf :- - 1200=16^- i6t*.*. ^-^-75. 

/. ^ssl=iiZll£so.x7 seconds after the stone is 
2 

dropped. 



SOLUTIONS OF EZEBCISES TO CHAP. IV. S7 

48. See Arts. 17 and 18. And Introductory Example (k) 
to Chap. II. 

15 miles per minute gained jper minuta 

= 15 X 5280 feet per minute gained per miuute. 

= -^ — i- — feet per second gained per second. 
60 X 60 

s: 22 feet per second per second. 

49. See Arts. 17 and 18, 

32 feet per second gained per second. 

= ^- units of length per second gained per second. 

_ 32 X 300 X 30 ^^j^jijg ^£ length per unit of time per 

unit of time, 
s 192000 units. 
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CHAPTEE V. 

EXAMINATION QUESTIONS. 

1. If a body possess a given uniform velocity in one 
direction and a given accelerated velocity in another, show 
how the path of the body may be determined. 

2. What is a projectile ? What hypothesis is made in tiie 
theoretical investigation of the motion of projectiles ? 

3. What is a parabola? Define the following terms 
referring to a parabola i-^irectrix, focusy oasis, vertex^ UUus 
rectumj Umgent, diameter, ordinate, ahscissa, 

4. How is a curve known to be a pai-abola ? 

5. Prove that the path of a projectile is a parabola. 

6. Show that the velocity of a projectile at any point of 
its path is equal to what it would acquire if it fell from 
rest from the directrix to that point. 

7. A body is projected with a velocity t^ at an angle a to 
the horizon, find — 

{a), the latus rectum of the parabola described ; 

{h), the time in which the projectile reaches its greatest 
height ; 

(c)y the greatest height ; 

{d)y the whole time of flight ; 

(e), the time of descent ; 

(^f), the vertical velocity when it returns to the point 
of projection ; 

{g), the horizontal ranga 

8. Show how the equation to the curve described by a 
parabola may be found. 

9. Show how to find the angle at which a body muBt be 
projected witJi a given velocity so as to hit a given point. 
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lo. One body is projected vertically with a velocity u, 
and another is projected with the same velocity at an angle 
a to the horizon ; compare the relations between space, time, 
and velocity in the one case with those in the other. 



Intboductoby Examples. 

(a) A body is projected with a velocity of 500 feet per 
second at an angle of 30^ to the horizon ; find the vertical 
velocity and the horizontal velocity in 5 seconds. 

(i) By Art. 59, the vertical velocity is obtained from 
the equation, 

V = u sma - gt= ^00 sin 30° - 32 x 5 = 500 x ^- 32 x 5 
= 90 feet per sec. 

(2) By Art. 56, the horizontal component = u cos a, and 
it remains the same throughout the whole flight. 

VT 
:. Horizontal velocity = u cos 30^ = 500 x — ^ = 250V3 

feet per sec. 

(6) When will the projectile mentioned in the last 
question reach its greatest height ? How high will it then 
be above the horizontal plane passing through the point of 
projection ? 

(i) From Art. 59, v^u sin a-gU And when the 
body reaches its greatest height tiie vertical velocity v 
becomes o. (See Art. 47.) 

/. o = 500 sin 30*^ - 32^ /. 32^ = 250 /. ^= 7j4 sees. 

(2) From Art. 60, if = v? sin* a - 2g8, And when the 
body reaches its greatest height, v becomes o. (See 
Art. 47.) 

. . . 500 X 500 X i 

/. o = 500* sm* 30* - 2 X 32 X « .*. 8-^ ■ 

J o o a X 32 

as 976-^ feet. 
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Solutions of Exercises to Chap. V. Pace 50. 

I. The vertical effects are not affected by the horizontal 
velocity, therefore by Art. 60. 

(a) Greatest height = = =12 feet. 

' ° 2g 2 X 32 

(6) By Art 61. ^- 

2 X ^2 X — 

m- i^ji' M. 2M8ino 2 X 32 X sin 60° *^ 2 
Time of flight = = = 

"^9 32 32 

=V3 sec. 

(c) By Art. 64, the range = horizontal velocity x time 
of flight. The horizontal velocity = velocity of train 
+ velocity of projection resolved horizontally = 50 
+ 32 cos 60° = 50 + 32 x^ = 66 feet per second. 

The time of flight = V3 sec. .*. The horizontal ran^e 
= 66 x i^3 = 66^3 feet. 

2. To And the vertical height we employ equation (2)^ 
Art. 66. Let y = height :.y = u sin at- \gV = 120 x sin 30** 
x2-Jx32X2*= 120-64 = 56 feet. 

3. We employ equation (i), Art. 66. Let x = the distance 

.'.a; = t«cosa^=i20 x cos 30** x 3 = 120 x — ^ x 3 = 180 ^3 

feet 

4. See Art. 56. Since the vertical effects are not affected 
by the horizontal velocity, the time taken to reach ^ the 
ground is the same in each case, and is the time taken by a 
body to fall from rest through the height of the tower. 
Hence by equation (2), Art. 14, 



(■) "y- J'j-J'-f, 



2 X 64 

^ = 2 sees. 
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(2) By Art 64, the horizontal distance traversed in 
each case = horizontal velocity x time of flight .*. the 
distances are respectively: — 80 x 2 = 160 feet; 100 x 2 
= 200 feet ; 120 x 2 = 240 feet. 

5. Since the direction of motion is horizontal when the 
projectile is crossing the wall, the top of the wall is at the 
middle point of the path, and the time of flight = twice the 
time taken to cross the wall = 4x2 = 8 seconds. By Art. 61, 

the time of flight = 2!i^^ /. 8 = ^^"^^5^ = 2xux:^^2 

9 32 32 

8 X 32 ^ — ^ 
.'. u = ^=r = 128^2 feet per sec. 

6. See solution to Exercise 4. The vertical effects are 
, independent of the horizontal, and the time taken by the 

cannon ball to reach the ground is the same as that taken to 
fall from rest through the vertical height of the hill. Hence^ 
by equation (2) Art. 14, we find the height. 
8 = ^gt'ssi X 32 X 5*= 400 feet. 

7. See solution to Exercise 4. 

tlorizontal distance = hor. velocity x time of flight 
= 1500 X 5 = 7500 feet 

8. (i) By Art. 60, 

^ , ., tt'sin'a 2k6*x(IY ^_ ^ 

Greatest height = = -^ ^^ = 16 feet 

® 2</ 2 X 32 

(2) By Art 61, 

rp- ta- i.i. 2MBina 2X256xi ^^^^ 
Time of flight = = ^ ? = 2 sees. 

9 32 

9. (i) By Art. 61, 

m- f ii* I.J. 2wsina 2X2s6x4 « «^ - 
Time of flight = — — = « * = 8 sees. 

9 32 . . 

(2) The question is now resolved into the following :— 

With what vertical velocity must a body be projected 

in order that its time of flight may be 8 sees. ) The 

Time of vertical flight is, by Art. 47, =—.-.— = 8 

9 9 



= ^ ^^ = 128 feet per second. 



u 

2 
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CHAPTER YT. 

EXAMINATION QUESTIONS. 

1. State the relations which subsist between the mass of 
a body, the force acting upon it, and tho acceleration 
produceid. 

2. Give Newton'rf Second Law of Motion. 

3. Explain fully how the relations mentioned in question 
(i) may be experimenlAlly verified. 

4. How may Atwood*s Machine be employed to reiify 
the laws of falling bodies ? 

5. Show how the inclined plane may be used for the same 
pui^ose. 

0. Uivx the algebraic formula which expresses the relations 
; between force, mass, and acceleration ; and show how it is 
obtained. 

7. Show from this formula that in a vacuum all bodies 
light and heavy fall with the same velocity. 

8. Supposing it proved by experiment that all bodies fall 
in a vacuum with the same velocity, show that the weights 

, of bodies are proportional to their quantities of matter. 

9. What are the standard force and corresponding 
acceleration with which other forces and their accelerations 
may be compared f 

10. What are gravitation units of force] Show how the 
corresponding units of mass are determined. 

XI. State the advantages and disadvantages in the employ- 
ment of gravitation units of force, 

12. Wliat are absolute or kinetic units of force, and how 
ore they obtained 1 
; 13. What are the C.G.S. units? 

14. What is the British, and what the French standard 
of mass Y 

15. Give the names of the chief gravitation units of force, 
and the chief absolute units of force in use. 
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1 6. How may quantities expressed in gravitation units 
be reduced to their equivalents in kinetic units^ and 
conversely ? 

17. Define momentum. How is momentum measured 1 

18. What is the kinetic measure of a force, and how may 
it be expressed ? 

1 9. How is the effect of a force acting for a given time 
measured 1 

20. When a body moves against a resisting force, state 
the relation which subsists between the momentum, the 
resistance, and the time for which the body moves. 

21. Making use of the standard force and its con-esponding 
acceleration, determine the acceleration in each of the 
following cases : — 

(i) When a force acts on a body which is perfectly free 
to move. 

(2) When two unequal bodies are connected by a string 
which passes over a pulley turning in a vertical 
plane. 

(3) When one body hanging vertically draws another 
along a smooth horizontal table. 

(4) When two inclined planes have a common vertex, 
and a body on one of the planes draws another body 
up the other plane by means of a string passing over 
the common vertex of the planes. 

22. How may the relations between space, time, and 
acceleration be determined in the foregoing cases 1 

Introductory Examples to Chap. VI. 

(a) A force of 64 lbs. acts on a mass of 128 lbs. : What 
is the acceleration ? 

F 

By Art 75, /= — Then if we employ gravitation 

units, and take the unit of force = i lb. weight, tho 
given force of 64 lbs. = 64 units of force (see Art. 

80), and the given mass 160 lbs. = --*- units of mass. 

32 
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Substituting in equation of Art. 75, T^e have 

/= — = -4; = 16 feet per sec. per sec. 
m 128 

32" 

Or : — ^If we employ absolute units, and take the mass 
of I lb. as the unit of mass, then (Art. 82) the unit 

of force is — lb. weight, and therefore the given 

32 
force 64 lbs. ^ 64 x 32 units of force, and the given 

mass 128 lbs. = 128 units of mass. .'.Art. 75, 

/= — = ^ ^ j . = 16 feet per sec. per sec. 
m 128 r r 

Or : — ^The problem may also be solved by the method 
of Art. 90 (i), where the reductions of the two former 
methods are not required. See Art. 78. If a force 
of 128 lbs. acted on the given mass of 128 lbs. the 
acceleration would be ^ = 32, what will be the 
acceleration when a force of 64 lbs. acts on the same 
mass? 

As 128:64: :32 :/.'./ * 16 feet per sec. per sec. 

(b) A force of 8 lbs. produces an acceleration of 4 feet 
per second per second in a certain mass : find the mass. 

F 

By Art. 7 S> ^ * ^f .'. w = ^j • TJsing gravitation units, 

the given force of 8 lbs. = 8 units of force, and the 

given acceleration = 4 units of acceleration .*. m (units 
g 

of mass) = - = 2. Therefore the mass required = 2 

gravitation luiits of mass. But, Art. 80, each of 
these units = 32 lbs. .'. mass = 2 x 32 = 64 lbs. 

Or : — ^rising absolute units, 

m (units of mass) = = 64 .*. Therequired msBS = 64 

absolute units of mass. But, Art. 82, each of these 
units ss I lb., therefore, the mass = 64 lbs. 
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Or : — Employing the principle of Art. 70 (3). — The 
force 8 lbs. acting on the mass of 8 lbs. produces an , 
acceleration 32 (See Art. 78), it is required to deter- 
mine the mass upon which, if the same force act, it 
will produce an acceleration 4. 

As, Acceleration 4 : acceleration 32 : : mass 8 lbs. : ? mass. 

The fourth term of the proportion ijs found to be 64 lbs., 
which is therefore the required mass. 

(c) A force of 12 lbs. acts on a mass of 48 lbs. for 3 
seconds : find the momentum produced. 

The acceleration may be found by the equation of Art. 
75, or by the method of Art. go (i). See Example (a). 
Using the latter method we have 
As 48 lbs. force: 12 lbs. force: :$2\f .•./=8 feet per i" 
per i". 

The Yelocity in 3 seconds is found from equation (i), 

Art. 12, v=/t .'.^ = 8 X 3 = 24 ft. per i". And by 

Art. 86, momentum = mass x Yelocity. Now 48 lbs. 

4.8 
of mass = ^ graYitation units of mass .'. mom«atum 

sirnv = — x 24 = 36. 
32 

{d) If a body weighing 8 lbs. possess a Yelocity of 40 feet 
per second, how long will it moYe against a resisting force 
of 10 lbs. ) 

TJsing graYitation imits, the body of 8 lbs. has a mass 

of — units of mass. By Art, 89, t = ^, therefore 
32 K 

8 
— X 40 

t = - 3= I second. 

10 

Or : — ^Using absolute units, the giYen body has a imass 
of 8 units, and the resistance =10x32 units of -force 

...Art 89, « = ^;=iili5L = I second, 
^ R 10 X 32 
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Solutions or Exercises to Chap. VI. Page 64. 
z. The acceleration is given by equation of Art. 90 (i), 

y= --^r = — X 32 = 8 feet per i" per i". 
CJ 40 

This solution depends on the principles stated in Art. 
70 (2) and Art. 78. A force of 40 lbs. acting on the 
mass of 40 lbs. would produce an acceleration 32, 
what acceleration will a force of 10 lbs. produce on 
the same massf 

As, 40 lbs. force : i o lbs. force : : acceleration 32:*? accele- 
ration. 

The required acceleration is f(xund as above .to be 8 feet 
per i" per i". 

We may also find the acceleration by means of the 
equation of Art. 75 ; but in using it we must, if we 
employ gravitation units, reduce the given mass to 
its equivalent expressed in gravitation units of mass ; 
or, if we use absolute units, we must reduce the given 
force to its equivalent in absolute units of force. 
Hence (i) using gi'avitation units, the given mass of 

40 lbs. = I— gravitation units of mass (See Art. 80) ; 

and since i lb. = the gravitation unit of foix;e, the 
given force 10 lbs. ==10 units of force, 

/. (Art. 75), /= Z = Z5 = 8 feet per i" per i". 

971 40 
32 

Or (2) : — Using absolute units, the given force of 10 lbs. 

ss 10 X 32 absolute units of force (See Art 82) ; and 

since the absolute unit of mass = i lb. mass, the given 

ifiass of 40 lbs. s 40 units of mass .*. Art. 75, 

^ F 10 X 32 jj ^ „ „ 

/= — = — — =-*8 feet per i per i . 
•^ m 40 r r 
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2. (i) By Art. 90 (2), /=^-^g=-f—P 32 = 2 feet 
per 1" per i"» 

(2) To find space described with this acceleration we 
employ equation (2), Art. 12, 

8 = ^ft^ = ^x 2 X 5*^=25 feet. 

The acceleration may also be determined, as in the 
preceding solution, by means of the equation of 
Art. 75. But in using this equd>tion, if we employ 
gravitation units, the given quantities of force and 
mass must be reduced to their equivalents, expressed 
in gravitation units ; and if we employ absolute units, 
the given quantities must be expressed in absolute 
units. 

(i) Using gravitation units, and taking i lb. weight as 
the unit of force, then, Art. 80, the unit of mass 
= 32 lbs. mass. Therefore the force which produces 

motion in the systems f "6 " ~fi ) ~ « gravitation 

11 + 11 

unit of force. And the mass moved = = —z 

32 16 

gravitation unit of mass. 



F 8 
/. Art. 75,/= — = — =2 feet per i" per i". 

Or (2), using absolute units, and taking i lb. mass as 
the unit of mass, then (Art. 82), the unit of force 

= — lb. weight. Therefore the force which produces 

D 
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/17 I5\ I 

motion m the system = ( -7 - TzJ x32 = o><32s=4 

absolute units of torce. And the mass moved 
= (-^ + — 5) = 2 absolute units of mass. 

F 4 
/. Art. 75,/= — = - = 2 feet per i" per i". 

Note. — In the above the weight of i oz. might have 
been taken as the gravitation unit of force, and the 
mass of z oz.. as the absolute unit of mass, and the 
division by 16 would not then be required. 

3. We employ equation (3), Art. 12, 

v« = 2jft =2x2x10/. « = ^40 feet per sec. 

4. We employ equation (i), Art. 12, 
V ^ft =2x3 = 6 feet per sec. 

P 10 

S- (0 ^7 ^rt- 90 (3)> /=]3-jrQy= io + 3o ^ 32 = 8 feet 

per i" per i." 
.(2) And by equation (2), Art. 12, 

B^\fe = I X 8 X 2«= 16 feet 

The acceleration may also be found by equation of Art. 
75, as in solutions to Exercises i and 2. 

(i) Using gra\itation units, and taking i lb. weight as 
the gravitation unit of force, the force which pro- 
duces motion in the system is 10 lbs. = 10 gravita- 
tion units of force. And since the gravitation unit 
of mass = the mass of 32 lbs. .'.the mass moved 

10 + 30 

= (10 + 30) lbs. = gravitation units of mass. 

32 

F 10 
Hence, Art. 75,/=- = j^;^ = 8feetper i"peri", 

32 
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(2) Using absolute xmits, and taking the mass of i lb. 
= the unit of mass /. the mass moved = (10 + 30) lbs. 
= (10 + 30) absolute units of mass. And the force 
which produces motion in the systems 10 lbs. 
= 10 X 32 absolute units of force (See Art. 82). 

F 10 X 32 

Hence, Art 7 5, /= — = — -^^ = 8 feet per i" per i". 
' '*''•' m 10 + 30 ^ ^ 

6. We first find the velocity at the end of 2 seconds, by 
equation (i), Art 12. v =/t = 8x2 = 16 feet per sec. 

(i) The body on the smooth table moves uniformly 
with the velocity it has acquired .'. Art. 6, space 
described = w^ =16x3= 48 feet. 

(2) The body moving downwards has an initial velocity 
of 16 feet per second when the string breaks, and it 
then receives an acceleration of 32 ft. per i'' per i" 
from gravity .*. we use equation (5), Art. 14. 

8=:tU-h^^=^ 16 X 3 + -Jx 32 X 3«=i92 feet, 

7. We first find the acceleration. And since the body 
with a certain acceleration moves from rest through a 
space of 2^ feet in i second .*. equation (2), Art. 12, « = ^/J5' 

/, 2^ = it/>c I* .*./= 5 feet per i" per i''. 

Again, Art. 90 (i). Since forces are proportional to 
their accelerations when the mass is constant, and 
siace 8 lbs. force, acting on the mass of 8 lbs., will 
produce an acceleration 32, we have to find what 
force will produce an acceleration 5 in the same 
mass. Let P lbs. be the force. Then, as 8 lbs. force 
; P lbs. : : 32 : 5 .*. P= i^ lbs. 

The force may also be obtained from the equation of 
Art. 75. ¥ = 7nf. And using gravitation units, 

8 

F = — xS='i l^s* ^> using absolute units, 
32 

F = 8 X 5 = 40 absolute units offeree = — lbs. = 1^ lbs. 

32 

d2 
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. 8. Since i6 is the measure of the force — that is, the 
number which expresses the force — of i6 lbs. weight, there- 
fore the unit of force = i lb. weight. Hence, by Art. 80, 
the unit of mass = the mass of 32 lbs. Thei*efore, 16 lbs. 

mass contains — = i unit of mass. Therefore, the number 

32 « ' 

which expresses the mass of 16 lbs., when the mass of 32 

lbs. is the unit of mass, is 4. 

P 

9. Using the equation of Art. 90 (i),y= ^g. 

.*. (i) /= ^ X 32 = 32 feet i)er i" per i" 

(2) /=^^32 = S » »> »» 

20 

(3) /=-7 X 32 = 128,, „ „ 

These results may also be obtained from equation of 
Art.* 75, as in solutions to Exercises (i) and (2). 

10. We use equation of Art. 90 (i), to find the acceleration. 

P 7 
f=i-^9 = X 32 - 2 feet per i" i^er i" 

(i) To find velocity : — v = /i5 = 2x5 = 10 feet per sec 
(2) To find space : — s = ^/t' =- 4^ x 2 x lo* = 100 feet. 

11. See solution to Exercise 7. 

To find the acceleration : — 8 = ^^i* •*• 5 = -J- x / x x* 
/. /= 10 ft. per i" per i^. 

Let P = the force, and employing the method of Art. 

8 lbs. force : P lbs. force : : 32 accltn. : 10 accltn. 

.-. P = 2^ lbs. 
The force may also be found by the equation of Ai-t 75. 
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12. When the force ceases to act on the body it moves 
uniformly with the velocity it had acquired by the action 
of the force. Therefore since it moves over 60 feet in 2 
seccmds with a uniform velocity, that velocity must be 30 
feet per second. Hence- — 

(i) To find the acceleration, we employ equation (i), 
Art. 12. 

v= ft.\ / = •;= --- = 6feet per i"per i". 

(2) To find the force in gravitation units, we may use 
either the method of Art. 90 (i), or the equation of 
Art. 75 (see solution to Exercise i). Using the 
latter method and taking i lb. as the unit of fbrce 

then the qo lbs. of mass = — units of mass by Art. 
80. Hence 

F = m/ .-. F (in lbs. weight) = — x 6 = 9! lbs. 

32 

(3) Using absolute units, and taking i lb. mass as the 
unit of mass, then the given mass of 50 lbs. -=50 units 
of mass. Hence by Art. 75, F = mf ,\ F (in absolute 
units) = 50 X 6 = 300 absolute units of force. 

13. *We.employ equation (4) of Art. 14, connecting velocity 
and time, and using the - sign ; v=zu-gU And since the 
velocity is d&wnwa/rdi at the required time, we have 

- 40 = 96 - 32< .*. 32^ = 136 .*. < =5 4J seconds. 

14. We find the acceleration by Art. 90 (3). 

- P 20 16 _ „ 

'^''PT7y = 20+ioo ^32 = jfeetperi^peri\ 

To find space we use equation (3), Art, 12, 

« = i/i« = Jx — X s* = 66jfeet, 

KoTE. — ^The acceleration may also be found by equation 
of Art 75, an in solution to Exercise (i). 
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15. We first find the acceleration with wliich 64 ft. is 

described in 5 sees. 

128 
« = J/f«/.64s= J/ X 5* .*. / = —feet per i" per i". 

P-Q 

We now employ equation of Art. 90 (2), f = p — q^. 

Let F = 50 ozs. + required additional weight, and Q 

^ 128 P-S© 1 , . * 

= 50 ozs. Then = ^ — ^ x 32 : and solving for 

^ 25 P + 50 ** ' ^ 

P, we obtain P = 69^^^ ozs., from which deducting 
50 ozs. we have 19^ ozs., the required weigh! 

1 6. By Art. 90 (2) ; and letting P = 10 lbs. and Q » a; lbs., 
the required weight, 

>.P-Q ,10 -a; i« 

Another answer would be obtained by putting a^ssthe 
greater weight. 

17. We find the acceleration with which the system 
moves, by the equation of Art. 90 (2). 

•^= FTQ*^" iJrl '^ 2' = 3f feet per X' per X-. 

18. If there were no friction, the force P required to give 
an acceleration of 5 feet per i" per i'^ to a body of 18 lbs. 
would be obtained from the principles of Art 70 (2), and 
Art. 78. A force of 18 lbs. acting on a mass of 18 gives an 
acceleration 32, what force acting on the same mass will 
give an acceleration of 5 1 Let P =s force, then 

As 18 lbs. : P lbs. : : 32 : s .*. P = 2]^ lb& 

To this must be added the force necessary to overcome 
friction. 

Therefore. 2^7 + 2 » 4^ lbs., the required f<xce. 
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19, (i) To find acceleration with which the system 
describes 20 feet in 2^ seconds. 

(2) By Art. 90 (2), 
y= ^ — ~ ' g. Let X = required weight, then by question, 

•IT + ^6 

32 KO + X-IkO-x) 32 205 ,, 

^ = 2 12 i X 32 .*. ^ = X 32 .*. o; = 10 lbs. 

5 50 + a; +50 -a; 5 100 

20'. (i) We find the acceleration by Art. 90 (3) 
/^_?_a=— ^ X 32 = --4 feet per i" per i". 

(2) The space in 3rd second = space in 3 seconds - space 

in 2 seconds = ^/(3* -2") = JxJix5 = 32 feet. (See 

__ ^ 

Exam. 2, Chap. 11.) 

11. (i) To find the acceleration we employ equation of 
Art 90 (4). . 



-_ 1 2 sin 60** - 4 sin 30® _ 2 



12 x — ^ -4 X J 



X32 = 



12 + 4 12+4 

12^/3 - 4 feet per i" per i". 

(2) To find the velocity we employ equation (i), Art. 1 2, 
V =zft = (12 V^3 - 4) 4 = 67 • 136 feet per sec. 

22. We use equation (2), Art. 12, 

« = i/^=i(i2V3 -4) X 4*= 134-272 feet. 

23. (i) The acceleration is obtained from equation (2) 
Arfc. 12, 

z = \f^. It will be more convenient in this case to take 
I mile as the unit of length, and i hour as the unit 

of time /. I mile = i/ x { ^ j /./= 800 miles per hour 
per hour. 
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(2) To find the velocity we employ equation (i), Art. ^2, 

V =fi = 800 X -^ = 40 miles j:*er hour. 

60 

(3) To find space, we use equation (2), Art. 12, 
s = ift*= i X 800 X f^-\ = ^ mile. 

Note. — ^The same result will be obtained by taking i 
foot as the unit of lengthy and i second the unit of 
time. With these units /=^*^ ft. per i" per i". 

24. Forces are proportional to their accelerations, when 
acting OA the same mass, Art. 70 (2). Therefore since the 
weigh fc of the train would produce in the mass of the train 
an acceleration 32 (Art. 78) the force that would j^roduce 

ihe acceleration -^3. ia givqn by the proportion of Art. 78. 

Porce of engine : weight of train : : -It : ^2 

: : II : 1080. 

25. (i) If in Art. 90 (4), P hang vertically then the force 
which produces motion in tiie system is P - Q sin t' 

.'. as in Art. 90 (4), 

/=L^^:,= 5:iljfx32 = -^ft.peri"peri". 
P + v^ 5 + 3 

(2) To find the velocity after moving through the space 

of 4 feet, if= 2^= 2 X 3f X 4 /. v= 9. 23 feet per sec. 

3 

26. (i) The force which causes motion along the plane 

= 300 - weight of waggon resolved along the plane 
= 300 - 1120 sin t s 300 - 1 120 X ^f^«: 188 lbs. The 
weight of the waggon would produce in the mass of 
the waggon an acceleration 32, therefore 188 lbs. will 
produce an acceleration^ given by the following 
proportion (Art. 78). 
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i88 
II20 : i88 : ; 32 : / /. / = feet per i" per i*', 

35 
(2) To find the time, 

a = i /i*.-. 2oo = ixi^x<«.-.<=:8.6secs. 

35 

27. The acceleration produced by the force is obtained 

P r 

from Art. 90 (i), f — ^ g =---x32 = 2 feet per i'' 

Q 10 

per 1". 

(2) Now since the body has a velocity of 20 ft. per i" and 
it is required to find the space through which it must 
move with the acceleration 2 feet per i*' per 1" that 
its velocity may become 30 feet per second, we employ 
equation (3), Art. 11, with the + sign.'. 

v* = u*'¥ 2/9 .*. 30* = 20* + 2 X 2 X «.*.«= 125 feet. 

Note. — The answer in the Text-book, p. 220, No. 27 of 
' ExB. to Chap. YI.^ should be 125 feet. 

28. From Art. 89, Resistance = '°°°?^*"'° = *!L^ 

time t 

— X 64 

= 31._. = iilbs. 
18 ^ 

Note. — Since the resistance is found in gravitation units 

the given mass of 12 lbs. = il units of mass. (See 

32 
Art. 80.) 

29. (i) To find the acceleration, we may employ the 
equation of Art 90 (2), or that of Art 75, Taking 
the former, we have 

/=s — -^9 = — ?x 32 = ^ feet per I'^per i\ 
I^ + Q 5 + 4 9 
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(2) To find the velocity after 3'' with this acceleration, 

w=yi5 = ^X3 = i? feet per sea 
9 3 

(3) When the bar is removed the weight moving 
upwards is i lb. heavier than the other, hence a force 
of I lb. acts as a resistance tending to bring the 
system to rest. Therefore Art 39, 

3 + 4^32 

. ^^ .32 3._Z-.io^ 

t= ^- J -^-2y sees. 

KoTE. — ^As in the last solution themovingmass, = (3 + 4) 
lbs., is reduced to gravitation units of mass by dividing 
by 32. 

30. The system comes to rest for an instant, and it then 
begins to move in the opposite direction, the 4 lbs. weight 
descending and the 3 lbs. ascending. The acceleration is 
determined as in the last case by the equation of Art. 90 (2). 

(i) / = ^^ = iZj x32 = 3f feet per i" per i\ 
P+Q 4+3 7 

(2) The velocity after 7 seconds is obtained from 
equation (i), Art. 12, 

t;=/"^ = ?^x7=!32 feet per second. 
7 

31. (i) The acceleration (see solution to Ex. 29) 

= i- feet per i" per i''. 
9 

(2) To find velocity after 9 seconds, 

t>=ryi; = 2-x9 = 32 feet per second. 
9 

(3) By Art 89, 

3 + 4 

^ ^X32 



._m»_ 32 

^"Tl J = 7 sees. 
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32. See Art. 86. 

33. See Art. 77. The earth attracts all kinds of matter 
alike, and hence the weights of bodies are propoixional to 
their mioses. Therefore if m be any mass and W its weight, 
«»' any other mass and W its weight, then m: m' : : W : W. 
Now if (Art. 76) the weight W acting on the mass m produce 
an acceleration g, the same acceleration will be produced 
by the weight W' acting on the mass m', for, Art. 76, 

W W 

g = — = — 'f The acceleration being directly proportional 

to the force and inversely proportional to the mass must be 
the same in both cases. 

34. The unit of force is in this case the force which will 
produce in i lb. mass an acceleration of i foot per i" per i". 

By Art. 82 thisforce = -= — lb. In li lbs. there are 

5^ 32 

^ = 48 of these units. 

35. A force of 100 lbs. will produce in — 

mass of 100 lbs. an acceleration of 32 feet per 1'' per i''; and in 
mass of 100 X 16 lbs. „ 2 „ „ „ and in 

„ lbs. „ 2 feet per \" per |". 

4x4 

Therefore required mass =100 lbs. 

Or : 2 feet per J" per ^*' 

= 2x4x4 = 32 feet per i" per i" (Arts. 17 and i8). 

But this acceleration will be produced by the given 
force, 100 lbs. in the mass of 100 lbs. (Art. 78). 
Therefore the unit of mass =100 lbs. if the units of 
force, length, and time be those given in the question. 

36. The unit force being (Art. 79) that force which will 
produce in the unit mass the unit acceleration, it follows 
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that th« unit force required is the force wbidi will prod 
in tnmm 2240 Wm, an accltn. of i yd. per min. per min. ; 

or in mem 2240 x 3 lbs. „ i foot ^ „ 

or in „ ?£^-l^Ibf. „ 32 feet „ „ 

or in „ 7 — ^Ibs. „ 32 feet per sec. per sea 

32 X 60 X 60 *^ 

This moHB » .1- lb. Therefore the unit farce must 

120 

Iiroduca in the mass -— lb. an acceleration of 32 feet per 

x" per i", and (Art. 78) the force = — lb. weight. This 

force, therefore, will produce in the mass of one ton 
acceleration of z yard per minute per minute. 
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CHAPTER VIL 

EXAMINATION QUKSTIONS. 

1. 'Define the terms action, reaction, and stress. 

2. Define pressure, tension, attraction, 

3. State Newton's Third Law of Motion, and show how 
it is obtained. 

4. Give Newton's illustrations of the Third Law. 

5. Determine the tension of the string in Atwood's 
Machine. 

6. Determine the tension of the string : (a), when a weight 
hanging vertically draws another weight along a smooth 
table ; (b), when a weight moving down an inclined plane 
draws a weight up another inclined plane. 

7. When a weight rests upon a plane determine the 
pressure upon it : (a), when the plane is at rest or moving 
uniformly ; (b), when the plane is moving upwards with a 
given acceleration ; (c), when it is moving downwards with 
a given acceleration. 

General Bemarks on the Laws of Motion. 

1. State the Three Laws of Motion. 

2. How is the truth of these laws established ? 

3. Point out the connexion of these laws with forces 

4. Give an explanation of the first law. Show that tbo 
law supplies a definition of /orce and of equal times, 

5. Give an explanation of the second law. Wh&t are 
equal forces ? What are eqiuil masses ? 

6. What inferences may be drawn from the silence of the 
law on certain points ? 

7. Show that forces may be compounded in the same way 
as accelerations. 

8. Give an explanation of the third law. What important 
extension may be given to this law ? 
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Inteoductory Examples to Chapteb VIL 

(a) Two bodies each weighing 4 ozs. are connected by a 
sizing passing over a pulley, as in Atwood's Machine : find 
the tension of the string. 

Ti^ »t+ ^^ rr_ 2PQ 2x4x4 

J5y Art. 97, 1 = ^5 — -^ = = 4 ozs. 

•" ^" P + Q 4 + 4 

Or : — Each body is acted on by two forces, its weight 
and the tension of the string ; and since the bodies are 
at rest, the forces acting on each weight must be 
equal and opposite. Hence the tension = 4 ozs. 

(6) In the arrangement mentioned in the preceding 
question a bar weighing 2 ozs. is placed on one of the bodies : 
find the tension of the string while the system is in motion. 

J\rr AW. ^^ T- 2PQ 2x6x4 

By Art. 97, T = p^= ^^^ =4-8 ozs. 

(c) A weight of i lb. hanging vertically draws a weight of 
3 lbs. along a smooth table : find the tension on the string. 

By Art. 98, T = :^^ = i^ = f lb. 
y ^ ' P+Q 1+3 * 

(d) A man whose weight is 140 lbs. stands on a lift : what 
is the pressure on the lift (i) when it is ascending uniformly 
with n velocity of 8 feet per i^^ ? (2) when it is descending 
with an acceleration of 8 feet per i^^ per i" 1 

(i) By Art. 1 00, when the lift is ascending or descending 
tmtfomUy it prevents an acceleration in the weight 
of 32 feet per i" per i", and therefore supports a 
pressure which would produce this aoceleration» 
That pressure = weight of body s 140 lbs. 

(2) The lift now prevents an acceleration of only 
24 feet per i" per i'', and therefore supports a pressure 
which would produce in 140 lbs. this aooeleratioiu 
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Calling P the pressure, and since 140 lbs. weight 
would produce in the mass of 140 lbs. an acceleration 
3?, the weight that would produce an acceleration 
24 is obtained from the proportion of Art. 78, 

32 : 24 : : 140 lbs. ; P lbs. .*. P = 105 lbs. 



Solutions op Exercises to Chapter VII. Page 74, 

I. Let a; = the weight. Then by Art, 97, 

„ 2PQ 2 X 10 X a? 2005 

T = -5 — 7^.\ 12 = = /, 120 + i2X=2oa; 

P + Q 10+05 IO + 05 

/.a;=islb& 
..ByArt98,T = ^ = £i^ = 2olbs. 

3. ByArt.98.T = ^.-.s = ^.-.P=5|lb8. 

4. By the Third Law of Motion the momenta are equal 
and op|)osite, that is the mass x velocity of the ball = mass 
X velocity of the cannon. Therefore using absolute units of 

mass, 

100 X 1000 = 2240 X t; .'. t; = 44 . 6 feet per second, 

' 5. The vdocity of one half being increased 60 feet per 
second, the velocity of the other half must (by Third Law of 
Hotion) be diminished by 60 feet per second. Therefore the 
velocity of the latter will be 100 - 60 = 40 feet per second. 

6. See Art. 100, and Introductory Example (d), Chap. 
VIL 

(i) When moving uniformly the tension of the rope 
prevents an acceleration on the cage of 32 feet per 
i" per I'', and therefore (Art 78) the tension = the 
weight of the cage = ^ ton. 
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(2) In this case the tension of the rope prevents an 
acceleration downwards of 32, and communicates an 
acceleration upwards of 10 feet per i" per i". Hence 
the whole tension corresponds to an acceleration of 

32 + 10 = 42 feet per i" j)er i".\A8 32:42::^ ton: 

21 
Tension /. Tension = — ton. 

7. (i) Working from first principles as in Art 97, and 
using gravitation units, we have the acceleration in 

T — Co 
the case of the 50 grammes = ^, and for the 60 

g 

grammes = — ^ — • (See Art. 80. The given masses 

T 
are expressed in gravitation units of mass by dividing 

by g). Then as in Art. 97, -—? — = §- .-. T 
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9 9 



(2) Using absolute units (see Art. 82) the acceleration 

. XI i. XI T (in dynes) - <og 
m the case of the 50 grammes e — ^^ ^ — s^-^. 

And the acceleration in the case of the 60 grammes 
6oflr - T (in dvnes) 6og - T T - 5oor m - « 

60 60 50 JtTxy 

dynes, and since ^r = 981 /. T = 53,509 dynes. 

Note. — ^It will be seen that the result in gravitation 
units may be reduced at once to that in absolute 
units by multiplying by g. See Art. 85. 

8. The force necessary to sustain the weight upon the 

inclined plane =: the effect of the weight resolved along the 

plane =s weight X sine of the plane's inclination s S tons 

t 8, 
X - s= ' ton. 

S 5 
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Hence if the weight were at rest or in uniform motion^ | 

8 
the tension of the string would be - ton. (See Art 

100, and Tntroducstory Examples (d\ Chapter VII.) 

The additional force required to communicate to the 
mass of 8 tons an acceleration of 3 feet per i" per i" 
is obtained from the proportion : — ^As 32 acceleration. 

: ^ acceleration : : 8 tons : P .*. P = - ton. 

g « 
And— + - = 2™ tons, the whole tension. 
5 4^ 

9. See Solution to Exercise 29, Chap. YL 

(i) To find the acceleration we employ equation of 
Art. 90 (2), 

P-Q 502 - 500 2g ^^.. ^. ^^^,rr^^ ., 

(2) To find velocity after 3 seconds. 
^ =yi ^ _^^ , 3 = _|^ centimetres per second 

(3) When the 3 grammes are removed a force of r 
• gramme resists the motion. Hence Art. 89, 

500 + 499 y_ 
<= -5- = ^—j. ' = Stft seconds. 

10. See Art. 100 and Introductory Example (d). Chap. 

vn. 

11. See Art 100, and Introductory Example (d), 
(a) and (b) The pressure is equal to the weight = 140 lbs. 
(c) As|;r:i^^::i4o:iS4lbs. 

9 



^ (d) Ab Q'"^' • 140 : 126 lbs. 
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($) The lifb prevents no acoeleiwtion and therefore bears 

no pressure. 
(/)-Ajb^:i^::i4o:i75 lbs. 
^) Asg: 2g : : 140 : 280 lbs. 

12. (a) Ais 32 : 36 : : 100 :ii2^ lbs. 
(6) As 32 : 28 : : 100 : 87^ lbs. 

13. See Art. 100. The hand does not prevent any 
acceleration in the weight after the instant of jmnping, since 
both arm and weight descend with the same acceleration, 
and therefore the.hand does not sustain any pressure. 

14. See Solution to Exercise 8* 

(i) When the velociiy is uniform the tensions the 
component of the weight resolved along the plane 

as 10 sin 30^= 10 X — = 5 tons. 

(2) The force acting along the plane required to give 
an acceleration of 4 feet per 1" per i^' to a mass of 
10 tons is obtained from the proportion of Art. 

As 10 tons : P tons :: 32 acceleration : 4 acceleration 
.•.P=iJton. 

.'.whole tension = 5 + x^ = 6} tons. 

15. By Art 99, Xa Y^:^ j, =4foz8. 

16. By Art 99, T= — gQ^;^ * =— = 8f ozs. 

PQ(8in i + sin i") 

17. By Art 99, T= — p q -. If the phines 

become vertical the arrangement becomes the same as that 
of Atwood's Machine^ and the inclinations % and t' become 
each 90^. Hence as sin 90° s 1, the above expression 
l>ecomes, 

_ PQ(I + l) 2PQ , • 1. • XI. . /. Xt- 

Ts v + o TTQ* ^"^^ ^ ^^ expression for the 
tension In Atwood's Machine. 
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If one of the planes become vertical and the other 
horizontal^ the inclinations are 90^ and o^ respec- 
tively, and therefore the expression of Art, 99 
becomes^ 

_, PQ(i+o) PQ r. 1, .« XT, . i. XT, 

T = — p — Q— = p — Q, which IS the expression for the 

tension in the arrangement of Art. 98. 

18. B7 Art. g6, T = ;^ = g^ = :^ lb. 

19. See Solution to Exercise 7. Determining the accele- 
rations in the case of each body as in Arts. 98 and 99, and 
equalizing, we have— - 

36-T T-36Bin30° ^ m m ^ i m 
^" 36 ■»36-T = T-36>c^/.T^27ozs, 

9 9 

20. Proceeding as in last solution, we have 

Q-T^ T^Psint , PQ . px = QT - PQ sin i /. T 

9 9 

PQ(sin i + 1) 

" P + Q • 

21. If in Art 99 we suppose one of the planes to become 

vertical the arrangement will be same as that of the preceding 

exercise. Let i'c=9o% then the expression of Art. 99 

PQ(sin t + 1) 
becomes T=s — k — q — ^, which is that obtained in the 

foregoing exercise. 



z3 
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CHAPTER VIIL 

EXAMINATION QUESTIONS. 

1. Define Impact. Give examples of impacts. 

2. How do impulsive forces differ from ordinaiy forces t 

3. How are impulsive forces measured) 

4. Give an account of the actions which take place when :— 
(i) two imperfectly elastic balls meet each other ; (2) when 
a ball impinges on a fixed plane, the elasticity being 
imperfect. 

5. How may the ratio of the impulsive force which acts 
during the first part of the impact to that which acts during 
the second part be determined ? 

6. What is the coefficient of elasticity for two bodies % 
What other names are given to this ratio) 

7. What are perfectly elaatic, imperfectly elastic^ and 
perfecdy inelastic bodies respectively) 

8. A body impinges with a velocity u upon a fixed plane, 
and recoils with a velocity v, the coefficient of elasticity being 
e : state the equation connecting v and u, and show how it 
is obtained from Art. 1 10. 

9. Two bodies with velocities u and u' respectively come 
into collision; their velocities after impact are v and t/ 
respectively, e being the coefficient of elasticity : State the 
equation connecting the velocities before and after impact^ 
and show from Art no how it is obtained. 

10. What is Direct Collision ) What is Oblique Collision 1 

1 1. Given the masses of two spheres, their coefficient of 
elasticity, and their velocities before coming into direct 
collision, determine the velocities after collision, (i) when 
the spheres are moving in the same direction before impact ; 
(2), when moving in opposite directions. 
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12. Show that if the bodies mentioned in the preceding 
question be equal and their elasticity perfect, they will, 
interchange velocities by the collision. 

13. Determine what the expressicms obtained in answer 
to question ji become, when the bodies are perfectly 
inelastic. 

14. Obtain from first principles the expression for the 
velocity in the last case. 

15. Given the masses of two spheres, their coefficient of 
elasticity, their velocities before coming into oblique colli- 
sion, and the angles which the directions of their velocities 
make respectively with the line of impact, determine the 
values of their velocities after collision resolved in the line 
of impact respectively. 

16. Show how the directions of the velocities after impact 
are determined. 

17. Show how the values of the velocities after impact 
are determined. 

18. The velocity of a body impinging directly on a plane 
and the coefficient of elasticity being given, determine the 
velocity and its direction after impact. 

19. The velocity and direction of motion of a body 
impinging obliquely on a plane and the coefficient of 
elasticity being given, show how the velocity after impact 
and its direction may be determined. 

20. In the last case determine what will be the results, if 
(i), the elasticity be perfect ; (2), if the bodies be perfectly 
inelastic 

Introductobt Examples to Ghaptrb YIIL 

(a) A body impinges directly on a fixed plane with a 
velocity of 24 feet per second, and recoils with a velocity of 
8 feet per second : what is the coefficient of elasticity t 

« 8 X 

From Art no or 112, e = -as---=s-- = coefficient of 

u 24 3 

elasticity. 
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(h) A perfectly in^Astic body liaving a yelodty u strilieB 
dii^tly another perfectly elastic body of equal maas at rest : 
find the velocity of the former after impact. 

_ . mu + m'u - em\u - u*) 
From Art 115, « = ^^^1 • 

And since m = m\ v! = o, and 6=1.'. 

mu + o - mu + o 

f?ss ; = 0. 

m + m 

(c) A perfectly inelastic body whose mass is 12 and 
velocity 2O9 strikes directly another perfectly inelastic body 
whose mass is 8 and velocity 6 : what is the velocity after 
impact 1 

^ ^ , TOtt + wiV 12x20 + 8x6 

By Art. 115 or 116, v= ^.^1 = ttt-q 

•^ •! / m + m 12 + 

= 14.4. 
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ffiu — m!u' 

1. By Art 115 or 116, v = f/= ^ , ^, ' And since in 

, m(u - ttp u-u' 40 -3g r * 

thi8Ga8emsi7»«.vt9a ' — — — = — - — = — - — s4feetper 

27?* 2 2 ^ * 

second. 

2. By Art 115, and since u' = o, and m^ni .*. 

mfu u 100 

vssv' = = -=s = 50 feet per second. 

m + m 2 2*' '^ 

mu + m'u' 

3. By Art. 115, <? = </= m-\-m* ' -^^ ^^ u'^^o^ 

, , , wiu m X 100 100 _ 

ttndm =ft4>».'.t> = v=-— -— - = — r-; — =-—- = 20 feet per 

second. 
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A. By Art 115 or |i6, t; = t/=-— —---t--* And smce 

tt'= o, and m= m'j the velocily after the first hall impinges 

^- . , mu fi» X 20 20 ^ ^ _ 

on the second = t? = t;' = = = — feet per second. 

tn + tn 2fn 2 

20 
The body 2m moving with the velodly — feet per i" 

z 

now impinges on the third ball of mass m. Using 

the same formtda the velocity after impact 

20 
2m X — 

2 20W 20 . . 

= s =s — feet per second. 

The body $m now impinges on the fourth ball, $aii 

proceeding in the same way we find the velocity after 

20 
impact = — feet per i". 

Similarly the succeeding velocities are found to be 
20 20 20 

7' T' 7' *^- 

5. By Art 115, 

mu + m'u' - em'{u - u') 20 x 12 + 60 x 4 - ^ x 60(12 - 4) 

^'' m-^m' " 20 + 60 . • 

= 4^ feet per second. 
, mu + m'u' + em(u - u') 20 x 12 + 60 x 4 + ^x 20(12-4) 

— m + m' "" 20 + 60 

B 6^ feet per second. 

6. By Art iis> 

mw - m V - emYtt + it') 
t;s -i 1- 

m + fn 

15 X 20- 60X 20-ix 60(20 + 20) ». J 

SB^2 z.--± 5 isa - 20 feet per second. 

15 + 60 ^ 

^ _ mu - m V + €m(u + u') 
" m + m' 

xsx8o-6ox.oH.^xig(20 + »o)^_^^^^^^ 
15 + 60 *^ * 
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7. (a) By Art. 115 or 116, 

^ , mu-m'vl 12x4 
« = !? = — = l=a 

m + m 12 + 16 
(6) By Art. 115, 

^ mtf - m*^' - em'Cu + u') _j2 x 4-3 x 16-3(4 + 16) 

m + m' 12 + 3 

= - 4 feet per seoon<'« 

, ^ mu - mV + em{u + tt') __ i2x4-3xi6+ 12(4 + 16) 

"" m + m' 12 + 3 

= 16 feet per second. 



8. By Art 115, 



mu + mu -emlu-u) t> xr j.- xi. 1 -x 

j-^ C . By tneqaestionthe velocity 

m + m 

after impact becomes fths of the velocity before 

impact = |it. Also m = 4m', and u' = :, 

4m +W1 5 

9. By Art 115, v= ■zrrizr' " 

m + fn 

Since by question m = m', e = z, 1^ ~ 25, and t^' = 15 we 
liave by substituting and dividing numerator and 
denominator by m, 

^^2S+iSji(£SziS)= 15 feet per second. 
2 

Similarly 

^_ mu + wlu' + em(tf"u') _ 2S + is + (2S-i5) _^ ^ 

w + wi' 2 

per second. 

10. In Exam. 3, p. ^^ (TextBook), it is shown that if a 
body fall feom a height h the coefficient of elasticity beiog ^ 
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the height of rebound is e'A. Similarly if the coefficient of 
elasticity be e', and a body fall from the same height, the 
h eight of rebound will be e''A. Therefore the heights of 
rebound are proportional to the squares of the coefficients of 
. elasticity ; and conversely the coefficients of elasticity vary 
as the square roots of the heights of rebound. Hence as 
V 1 6 : \/9 : : ^ : f y which is the required coefficient of elasticity. 

_ . . mu + m'w' - efiriiu, - «') . - 

11. By Art. iiq, i7 = r^ ' i and since 

m = m', u' = o, and e = ^:,v= = — = 2^ feet per second. 

Also Art. 115, 

, mu + mV + em(u - u') mu + ^mu , - . 

v'=: r^ '-sz 2 — - ji fe^t per 

m + m m + m '* '^ 

second. 

12. In Art. 115 it is shown that, when balls perfectly 
elastic and equal impinge, they interchange velocities. 
Hence when the first ball impinges on the second the first is 
brought to rest, and the second moves on with the velocity 
of 20 feet per second. Similarly with the third and fourth, 
so that the last moves off with the velocity of 20 feet per 
second, all the others being then at rest 

13. See Art. 117. Since u' s o, m^mly and e = i, we find 

, mu cos i — mu cos % 
by substituting in equation (3), t; cos r =» — 

«o. 

Dividing equation (i) by (3), we have a — — — 

Therefore tan r = 00 .*. r = 90^ (see Eig. to Art 117). 

14. As in the last solution by substituting in equationa 
(2) and (4) and dividing, we have tan r' s o .*. r' s o • (Beo 
Fig. to Art X17.) 
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1 5. In Exam. (3), p, 83, Text Book, it la shown that when 
a ball falls'fiom a height h the height to which it rebounds 

Height = 6% = ^x 48 = 3 feet. 

16. See Exam. (3), p. Ss, Text Book. 

Height of rebound = height fallen x A Therefore 

Height of ist rebound = e^A = -- x 96 = 24 feet. 

Height of 2nd rebound = - x 24 = 6 feet. 

4 

Height of 3rd rebound = - x 6 = i J feet, 

4 

I 3 

Height of 4th rebound = - x ij = f foot. 



I 



7. We employ equation (3) of Art. 117 to find resolved 
velocity afber impact. And since by the question m = m'^ 
u' sz o, and e=:i, substituting in equation (3), we find as in 
Solution to Exercise 13, t^ cos r = o. Dividing this equation 

•x x-/\Ai. 1. vsinrwsint 

into equation (i ), Art. 1 1 7, we have = • There- 

^ ^ '' " f) cos T o 

.fore tan r = 00 .*. r = 90®. 

But by question (and see fig. of Art. 1 1 7), r - 1 = 60® 
.•.ts=r-6o°r=3o°. 

Squaring equations (i) and (3) of Art. Z17 and adding, 
we have 

v^ sin' r = u^ sin* i 

«*cos*r=o 

.'. «*(sin*r + cos'r) sstt* sin* u 
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But by trigonometrj, sin^ r + oos^ r = i, and by question 
• u= 50, and £3330^ 

,M;2=5o*sm*30® 

/. V = 50 sin 30** = 50 X - = 25 feet per second. 

18. Let i = angle of incidence, and r = angle of reflection ; 
then. Art 1x9, tan r = - tan 1 = 3 tan if since 6 = - J- 

By question » + r = 90** /.r = 90^-1. '.tan (90°-*) = 
3 tani. 

But by trigonometry, tan (90** - ») = cot t = r— -. /. 3 tan i 

= - — : .". 3 tan^ t = I /. tan* i = -, and tan i = -t= 
tani '^ 3' ^3 

= tan 3o^. Therefore i = 30^. 

19. Let u = velocity of projection, e being j^. We employ 
equation (6), Art 14, to find the velocity after passing 
through a given space, t;* = «a* +, 2g8. Therefore 

Velocity ^W< before striking the ceiling = Vu^ - 2 xg x 12 
S5 ^1^2 « 24^. 

Yelodty jttst after rebounding from ceiling (Art 112) 
= «Vtt*- 24^. 

This forms the initial velocity with which the body 
descends ; and the velocity after passing through any 
space downwards is obtained from equation (6), Art 1 4, 
using + sign. Therefore 

Velocity jiM^ before striking the floor 

** V («^«** - ^49)^ + ^99 = ^«^(w'' - 24g) + 24^ • 

And (Art 112) velocity jtut a fter rebounding irom the 
floor = W^{u* - 24^) + 24^. With this initial velocity 
the ball just reaches to the height of 12 feet, that is 
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vhsD it teachea this height its ytiixitj booomes o. 

Thei^ora nsiiig the g«uenJ oqaatioD, v* a m* - Mg$, 

snd sabstitiiting w« hvn 
o = {rt/a^B* - 24y) + 24y)* - axgxiM 
:. (rtV|y-a^) + 24Jf)' = a« 
.-. W^(u' - 347) + a4ff = ^'a« 

.-.e^t^- 34ff) = 72j.-.u*=3ijy.-, w= 100 feet pn second 

nearly. 

30. Since tiie velocities sra in <^posit« diractioni the 

^ - . _. . mtt - m'tt' - B m'(w + w') 

equuioii of Art 115 becomes, = — ■; 

And by qnestiiai m = 3m', « s i, snd u = u' ;. Bubstituting 



L 
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CHAPTER IX. 

EXAMINATION QUESTIONS. 

1. What is the measure of the effect of a force acting on 
a given mass for a given time 1 

2. Define Work. When is work done by a force, and 
when against a force 1 

3. Give examples of the production of work. 

4. Define Energy. How is energy divided ] 

5. Esrplain what is meant by Potential and what by 
Kinetic energy, and give illustrations of each. 

6. Give examples of the conversion of one form of energy 
into another. 

7. Investigate an expression for the Statical measure of 
work, and one for the Kinetical measure. 

8. What is the measure of the energy of a moving body 1 

9. Show how to determine the space through which a 
body possessing a given amount of kinetic energy will move 
against a given resistance. 

10. How is the work done determined in any case where 
the motion is not in the line of action of the force ? 

1 1. Show that there is no work done when the motion is 
at right angles to the direction of the force. 

1 2. Examine the two equations, Ft = mv, and Fs = ^tf. 

13. What is meant by vis viva ? 

14. State the Principle of Conservation of Energy, and 
show how it has been obtained. 

15. State the Principle of Work, and show how it has 
been obtained. 

16. Show that the Principle of the Conservation of 
Energy may be deduced from Newton's Third Law of 
Motion* 

17. Give the equation which expresses the Principle of 
Work in the case of any machine, (i) friction not being 
taken into account, (2) with frictioa 
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1 8. SHow from the Principle of Work that the problem 
of ** perpetual motion " is impossible. 

19. What is meant by the modtdtts of a machine] 

20. What are the gravitation units of work usually 
adopted in this country ) 

21. What is the metrical gravitation unit of worki 

22. What are the absolute units of work that are 
adopted? 

• 23. How may gravitation units of work be reduced to 
kinetic units and conversely 1 

Introductort Examples to Chapter IX. 

(a) A mass of stone weighing 2 cwts. rests on the top of 
a vertical precipice 50 ya^rds high : what is its potential 
energy 1 

By Art. 124, the potential energy = WA = (2 x 112) 
X (30 X 3) = 224 X 90 = 20,160 foot-pounds. 

(b) What will be the kinetic energy of the body at the 
moment it reaches the ground 1 

By Art. 125, the kinetic energy « ^fni^. The mass of 

the body expressed in gravitation units (see Art. 80) 

2 X 1 12 
SB . The velocity it acquires in falling through 

90 feetis obtained by equation (3), Art. 14, t^= 2g8 *= 9 
X 32 X 90 .m; = V2 X 32 X 90 feet per second. The 

2 X 1 1 2 
kinetic energy = J«i«*= -J- x x (2 x 32 x 90) « 

20,1 60 foot-pounds. 

Note. — Examples (a) and (h) illustrate the statements 
of Art 123. 

(c) The weights in Atwood's Machine are 4 lbs. and 8 lbs. 
respectively, and the system is so arranged that the former 
weight falls freely through a height of 4 feet before the 
heavier weight is pulled by the string : how high will the 
latter weight be raised before the system comes to rest t 
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The 4 lbs. weight in flGJling through 4 feet acqaires a 
velocit y which is obtained from the equation, «*= 2g9 
.*. V as V2 X 33 X 4 =16 feet per second. The resisting 
force which tends to bring the system to rest =8-4 
cs 4 lbs. The mass in motion s 4 lbs., and this mass 

expressed in gravitation units = .— lb. (Art. 80). The 

space through which the system moves is obtained 
from equation of Art. 127. 

kinetic energy ■^p*_ ^ x A ^ '^* _ f^^f 
" resistance "" It "*" 4 "" 

Note. — ^We have in this example an illustration of the 
statement made in Art. 126. If the second weight 
of the system mentioned were 4 lbs. then when this 
weight would be acted on by the string the whole 
system would move uniformly with the velocity that 
the first 4 lbs. weight had acquired, that is 16 feet 
per second (friction being neglected). 4 lbs. weight of 
the 8 lbs. acts inthis way to counterbalance the 4 lbs. 
weight that has been in motion, so that the whole 
kinetic energy acquired by the latter is expended in 
raising an equal weight, and it raises it to the height 
from which itself felL 

(d) A body weighing 100 lbs. is pushed up a smooth 
inclined plane whose height is 5 feet and length 20 feet i 
What is the work donel 

See Art 128. The body whose weight is 100 lbs. 
acting vertically downwards is raised through the 
verti^ height of 5 feet .'.the work done = WA 
= 100 X 5 =s 500 foot-pounds. 

Or : — ^Resolving the zoo lbs. weight along the inclined 
plane we have the amount of the force acting along 

the plane s 100 X -^s 25 lbs. This is pushed 

through a space of 20 feet .*. the work done against 
this force s 25 x 20 s 500 foot-pounds. 
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(e) What work can be done in an hour by a steam engine 
at 5 Horse power 1 

Art 137. A Horse power = 33,000 lbs. raised z foot 
high per minute .*. 5 H.P. = 5 x 33000 foot-pounds per 
minute = 5 x 33000 x 60 foot-pounds per hour = 
9,900,000 foot-poimds. 



Solutions of Exrbcises to Chaptbb IX. Paob 96. 

1. By Art. 124, the work done = Wh. And W = 1 2 x 14 
pounds, or 12 X 14 x^ poundals (see Arts. 82 and 85). 

/. Work done = (12 x 14) x 40 = 6720 foot-pouuds. 

And, Work done = (i 2 x 14 x ^) x 4 = 6720^ foot- 
poundals. 

2. 1500 X 2240 X 330 = foot-poimds of work to be done 

per day. 

33000 X 10 X 60 foot-pounds = the work done by one 
Horse power in a day of 10 hours (Art. 137). 

1500X2240X330 • J .-TT-O 

.•. — z^^ = Horse power required = 56 H.P. 

33000 X 10 X 60 ^ ^ •^ 

3. 660 X 2240 X 30 = work to be done in foot-pounds. 
30 X 33000 = foot-pounds per minute done by engine* 

660x2240x30 XT r • X • X 

/. ^^ = No. of nunutes =150 mmutes 

30 X 33000 ^ 

nearly ~ 2^ hours. 

4. (a) Art. 124, the work done = WA. Ws= 1x2240 

pounds, and A= 100x6 feet/. Work dones 
(i X 2240) X (100 X 6) = 1,344,000 foot-pounds. 

(h) Wss^i X 2240 x^) foot-poundals (see Arts. 82 and 
85),ana h = 100 x 6 feet .*. Work done = (i x 2240 x g) 
X (100 X 6) « 1^344,000^ foot-poundals. 
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5. 60 X 33000 X xox 60 = foot-pounds done per day of 
10 hours. 

day. 

/. — 7 = gallons raised 50 fathoms high 

per day= 396,000 gallons. 

6. 2 X 25 X 33000 X 60 = foot-pounds of work which the 
engines can do per hour. 

2 X 25 ^ 33000 X 60 J • jr 

/. 2 = number of pounds raised from a 

100 X 6 ^ 

depth of 100 fathoms per hour by the engines. 

.". — -7 — >-T — = number of cubic feet of water 

100 X 6 X 62^ 

raised = 2640 cubic feet. 

7. The cubic content = 10 x 30 = 300 cubic feet; and the 
weight = 300 x 100 = 30,000 lbs. This weight is raised from 
different depths, but the work done is the same as if the 
whole were raised from the. depth of the centre of gravity of 
the mass, which is 15 feet. 

.'. 30,000 X 15 = 450,000 foot-pounds. 

8. The potential energy of the water is the work it can 
perform = W/t = cubic content in feet x 62^ (weight of cubic 
foot of water in lbs.) x 4 .*. 

(120 X 50 X 2) X 62 J X 4 = 3,000,000 foot-pounds. 

9. By Art. 125 the kinetic energy or kinetic measure of 

the work done = \mv\ The cubic foot of water weighs 62 J 

62^ 
lbs., and its mass expressed in gravitation units = — ^' (See 

62^ 
Art. 80.) Therefore kinetic energy = ^mv^ = J x — - x g^ 

y 
= 31 • 25^ foot-pounds. 

p 
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. JO, SO H.P. less 25 per cent. = 50 - 12^ = 37^ H.P. 

37^x33000x60 
/. ^ g 1 = cubic feet required = 2897-5 cubic 

I feet. See soXutions to Exercises 5 and 6. 

900000 I 0000 
I X. •— — g— = — 7 — = units of "work done per minute. 

I Horse-power = 33000 units work per minute. 
1 0000 



= fraction required = — of H. P. 



33000 ^ 99 

12. 10 X 2240 X 600 = foot-pounds of work to be done pgr 
hour. 




33000 X 60 = foot-pounds done per hour bj.if JR P. 



10 X 2240 X 600 _- ^ . , '«- .^ -r^ 

" 33000x60 =^ ^- «q«^=6|| H. p^ . 

13. See Art. 136. 3000 x 62 J x 30 = work actually done 
per hour in foot-pounds. 1 5 x 33000 x 60 = theoretical work 
in foot-pounds per hour /. 

3°°°"^'^"f = n.od«lus = ^/ 
15 X 33000 X 60 132 

14. Both balls being thrown with the same velocity, the 
lead baU, since it contoinB a greater mass, wiU (Artf 125) 
possess a greater energy than the cork, and hence (Art. 
127) it will moTe through a greater distance than the cork 
gainst the same opposing resistance of the air. 

15. We first find the acceleration by Art. 90 (3). 

/ = p Q ^ = — X 32 = I foot per sec. per sec. 

Again by equation (i), Art. 12^ v = ft =1 x3 = 3 feet 
per sec. the velocity when the string broke. 
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Tiie .body now possegsing a velocitj of 3 feet per i " moves 
against a resisting force throagh a space of 4^ feet. 
To find this resistance. By Art. 127, 

kinetic energy . kinetic enennr 

space = r-T /. resistance = ^^ =3 

-^ resistance 8j)ace 

9 4i 32 ' 

' Note. — The mass of 31 lbs. is expressed in gravitatioii 
units of mass by dividing by 32. See Art. 80. 

16. By Art 127, , = i^...R.i^=tiiiil^* 

' ♦' R « 192x3 

= ij lb. 

17. See Solution to Exercise 15. 

(a) /=pTQ!^ = 7:ri4 '* 32 =f| feet per i" per i". 

(6) „=yi=2ix3 = 2l feet pen". 

momentum 
(c) By Art. 89, time = ^^^^^^^^ /. resistance = 

24 96 
momentum mv ^2 13 . ,, 
time < 4 ^^ 

18. (a) V —ft = 4 X 10 = 40 feet per i", the velocity when 

the rope brcKEiks. 

momentum 
By Art 89, time= reg^g^onoe ' ® resistance which 

opposes the motion is the weight of the waggon 

resolved along the plane = 10 x 2240 x sin 30^ 

= 5x2240. The mass expressed in gravitatioii 

10 X 2240 

units =« • Therefore, Art. 80, 

32 

10 X 2240 
. momentum 32 ''^^ , 

*^« = resistance JT^^ 2^ seconds. 

r2 
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,x ^ M . kinetic energy hnt^ 

(6) By Art x^, '^«^= n«iBtance =^ = 
, lo X 2240 

ix — 7i — ^40* 

--^ = 50 feet. 

5 X 2240 ^ 

19. (a) By Art. 90 (3)> /=p:fQ^ = ^^:;-^ x 32 = j 
feet per i" per i". 

(6) Art 12, vssjtsz — X3 = i6 feet per i'', 

, ^ . kinetic energy _ \mv^ 

(c) Art. 127, 8I»ce= resistance "^^-T' 

• ^-^—=16 lbs. 

2a (a) We find the acceleration by Art. 90 (2). 

^=PTQ^ = sT^'*32 = jfeetper 1" per i". 

(6) Art 12, v^ft^ — x9 = 32 feet per i" i^hen the 
bar is removed. 

(c) The resisting force that now opposes the motion is 
the difference of the weights = 4-3 = 1 lb. ; and the 

mass moving = mass of (3 + 4) lbs. = - — gravitation 

32 

units of mass. 

■D K^ i^^ ' 32 r^ 

By Art. 127,* = ^*^= ^ = 112 feet, 

21. See Arts. 125 and 131. 

22. See Art 137. 
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ICO 
X go- 

23. (i) By Art. 89, < = -jj^ = -^— g = 37^8608. 

(2) By Art. 127, * = 2t5-- = ^ ::= 1800 feet. 

24. Friction = ^ of 20 lbs. = 2 lbs. 

(i) Art. 89, t = ^=^^ =i8f sees. 

(2) Art. i27,» = ^^ = ^ — ^ = 562jfeet. 

*fnv ^2 

25. By Art. 127, Resistance = ^ — = = 

'^ J '' « 200 

180 lbs. 

26. 15 miles per hour = ^ feet per minute. 

60 X 20 := 1200 lbs. = resistance of air and friction. 

^ X 1200 = foot-pounds of work to be done per 

15 X 5280 

2 X 1200 

minute .*. ' = Horse-power required 

33000 '^ ^ 

= 48 H. P. 

27. Besistance in this case = resistance of air and friction 
+ ^th of weight of train = 1200 lbs. + 2240 lbs. = 3440 lbs. 

(see Art. 128). 

IS X 5280 ^ . , « , . , , 

•*. ^ X 3440 = foot-pounds of work to be done 

15 X 5280 

— 65 — ^3440 

per minute/. sHoiBe*powersx37'6 

00 

H.P. 
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88 
28. 20 miles per hour := — feetpersea Friction = 8 lbs. 

3 
per ton = 8 x 200 = 1600 lbs. By Art. 127^ 



- 200 X 2240 / 88 \* 



R" = 16^ ^'^4-4 feet 

Friction = 8 x 60 =: 480 lbs. By Art. 128, the weight 
lifbed in ascending the plane — ^^ of 60 tons = 1344 
lbs. Therefore the total resistances 480+ 1344s 
1824 lbs. By Art 127, 

60 X 2240 / i76 \' 

'="Er = ^-IS^ -3962 feet. 

30. Friction, &c.,=s 1400 lbs. Weight lifted ^-^ of 100 
tons = 4480 lbs. .'. total resistance = 5880 lbs. 30 miles per 
hours 2640 feet per minute .'. 

5880 X 2640 s foot-pounds of work to be done per minute 

5880 X 2640 _ _ _ 

.*. — : = Horse-power » 470 • 4 H.P« 

31. To find the velocity when the rope breaks. 

v=i ft =20 X 6 = 120 feet per i". 

The weight resolved along the incline s 1 1 20 x -^ s 20 
lbs. 

X120 28 

Friction = — — s -— lbs. Therefore whole resistance 
200 5 

= (20 + — 'JlbB. 

1120 



X X20 

(a) By Art89,<«^=-^^ ^ a 164-^ seconds. 



nw 32 



28 

20 + — 
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(h) Force producing motion down the plane % resolved 

28 72 

part of weight - friction = 20 lbs. - —- lbs. = --• lbs. 

5 5 

The acceleration that this force will produce in a mass 

of 10 cwts. is found from Art 90 (i). See solution 

to exercise i, Chap. VI. 

72 72 

Asii2o: — 1:32 :/.'./ = —- feet per i" per i". 

The velocity obtained with this acceleration is found by 
Art 12, equation (i). 

» = yi5 = -j^ X 164-^ = 67^ feet per second. 

fn^ ^^|Q X 120 
32. (a) Art. 89, « = -^ = -^-2 =210 seconds. 

Or : Art. 43, and see Solution to Exercise 13, Chap. 
IV:— 

v = u-gwDiit:,o=i20- $2 x-^xt.\t=2io seconds. 

(6) Art. 43, t? = ^sint< = 32x-^x2io= 120 feet per 
second. 

'33. IX 2240 X 32 = poundals in a ton. (Art. 82.) 

I X 2240 X 32 X 10 = foot -poundals of work done 
= 716,800 foot-poundals. 

34. Kinetic energy = ^mv^ = i ^ 100 ^ 20* =3 20,000 foot- 
poundals. 

The mass of 100 lbs. s 100 absolute units of mass. (See 
Art 82.) 

35. Work done^WA. See Arts. 137 and 138. Using 
gravitation units, and taking the gramme as ^e unit of 
weight and the centimetre as Uie unit of length, 500 grammes 
= 500 units of weighty and 5 metres = 5 x 100 units of 
lex^;th.'. 

Wh =s 500 X 500 B 250,000 centimetre-grammes. 

Using absolute units, 500 grammes = 500 x 980 dynes 
(see Art 82), and 5 metres = 5 x 100 centimetres .*. 
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WA = 500 X 980 X 500 =s 245,000,000 centimetre - dynes 
or ergs. 

Note. — ^It will be seen that the centimetre-grauimes 
may be reduced to ergs by multiplying by g, (See 
Art 138.) 

36. X kilogramme s 1000 grammes, and i metre =100 
centimetres. 

Using absolute units 1000 grammes =1000 units of 
force, and 1 00 centimetres =100 units of length. (See 
Art. 82.) 

By Art. 125, Kinetic energy = ^mt?* = ^ x 1000 = 100' 
= 5,000,000 ergs. 

37. Let V = Telocity in feet per second. 

Then 120 x 10 x v~ work to be done per second in foot- 
pounds. 

30 X 33000 
And 7 = work done per second by engine in 

foot-pounds. 

30 X 33000 55 - 

.'. 120 X loxvs 7-^ — .•.11 = ^^ feet per seconds 

9f miles per hour. 
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CHAPTER 3t. 

EXAMINATION QUESTIONS. 

1. Show that if a body move with uniform velocity in 
the circumference of a circle, it must be acted on by a 
constant force directed towards the centre. 

2. Given the mass of the body moving uniformly in the 
circumference of a circle = m, its velocity v, and the radius 
of the circle r : find the centripetal force. 

3. What is meant by the so-called centrifugal force 1 
Point out its true nature. 

4. Show that no tangential force acts during the uniform 
circular motion. 

^. Express the centripetal force in terms of the mass and 
the peri Jdic time. ^ 

6. What is meant by the angular velocity of a body 1 

7. Express the centripetal force in terms of the mass and 
the angular velocity. 

8. Give illustrations of centrifugal force. 

9. Give an account of the effects produced by the 
centrifugal force due to the earth's rotation. 

IlTTBODUCTOBY EXAMPLES TO ChAPTEB X. 

(a) A body whose weight is 8 lbs. attached to a string 4 
feet long, is moving uniformly in a circular path with a 
velocity of 20 feet per second : what is the tension of the 
string t 

By Art. 140, the tenison = F = . Since the weight 

is 8 lbs., there are -^ gravitation units of mass in the 
body .-. F = = 21 =25 lbs. 
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(b) In the foregoing case find the periodic time. 

Art. i44,T=— = ^-^^^^—5 =1.2 566 seconds. 

(c) A body weighing 16 lbs. is moving nniformlj in a 
circle whose radius is 24 feet, and makes a revolution every 
8 seconds : what is the centripetal force f 

■o A_x -ra 4'rV 16 4xir*x24 . ^ 

By Art. 144, F = m2g^=— x s« ^ ^= 

1(3-14159)* l^s- 

Solutions of Exercises to Chapter X. Page 104. 

1. By Art, 140, /= -, where / is the acceleration cor- 
responding to the centripetal force, or to the reaction called 
the centrifugal force. If there were no force of gravity, the 
string would always have a tension equal to this force. But 
if when the stone is vertically above the hand, the string 
just remains stretched without tension, the force of gravity 
acting on the stone must be exactly equal to the tension, 
and the acceleration due to gravity g must be equal and 
opposite to/ .'. 

»» — - 

^ = - :.t^^rg:.v=:: V4g = 2Vg feet per second. 

3 X K280 

2. 3 miles per hour =: ^ ^ feet per second ; and x ton 

gravitation imits of mass. 



32 

2240 / 3x528o y 

By Art I40. F = w«^ _ 3^ ^V 60x60/ ^^ 

3. ByArt.i44,g=-^^ = '^''\'l'^''^ =^'^lbs. 



^ m Aifr ..ir TT ^^ ar. ^^^ „ 7 36 X 2 X 32 
4. J3yArti40,F= — .•.36=-*-^ — ••^=i^ 7 

s 24 feet per second. 
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12 ^ / 5280 X 30 y 

J. By Art. X40, F= — = ^ ^ ^= .484 lbs. 

^ ^ ^ ' r 500 X 3 ^ ^ 

Note. — ^The miles per hour are reduced to feet per 
second; and the mass is expressed in gravitation 
units.' 

6. By Art. 144, F=— ^ =: ^ ^, =| ir« lbs. 

7. See Art 140. There must be a force acting on the 
body, and this force must be continually directed to the 
eentre of the circular path. 

8. See Art. 142. 

9. See Arts. 147 and 148. (i) At the poles no effect is 
produced. (2) At the equator a body tends to fly off in a 
tangent to the equator. The observed weight of the body 
and the acceleration due to gravity are less than they would 
be if there were no rotation. {3) At an intermediate place 
(a), the weight of the body and the acceleration due to 
gravity are less than they would be if there were no 
rotation, but are not diminished so much as at the equator ; 
(6), the body tends to move towards the equator. 

10. See Art. 147, where the proof is given. 

n. The stone being whirled horizontally, gravity does 
not affect the tension. By Art. 140, 

F = — .*. 2 = ' .'. t> = 16 feet per second. 

r 4 ^ 

«M?* Tra- X 80* 

12. F = — = -^^ =100 Iba This force is directed 

r 10 

towards the centre by Art. 140. 

13. 15 miles per hour =22 feet per second, and 10 tons 

10 X 2240 

« gravitation units of mass. By Art. 140, F 

32 

10 X 2240 

, X 22" 

=s — = ^ = «'i8«8 lbs. 

r 1000 ^^ 
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CHAPTER XL 

EXAMINATION QUESTIONS. 

1. Show that the velocity acquired by a body in falling 
down a circular arc in a vertical plane is equal to what it 
would acquire in fiedling through the vertical height of the 
arc. 

2. Show how the velocity acquired in MUng down an arc 
of a circle in a vertical plane may be expressed in terms of 
the chords drawn from the extremities of the arc to the 
lowest point of the circle. 

3. What is a simple pendulum ? Give an account of its 
motion. Define the terms length o/peifidulum^ amplUude qf 
vibration, time of vibration. 

4. What is a compound pendulum 1 

5. [*] Investigate the formula which expresses the time of 
vibration of a simple pendulum. 

6. State the relations which subsist between the time of 
vibration, the length of the pendulum, and the acceleration 
of gravity at any place. 

7. How may it be inferred that the earth attracts all 
kinds of matter alike ? 

8. How may the formula which expresses the time of 
vibration be verified by experiment 1 

9. Show that with different pendulums in the same place 
the lengths are directly proportional to the squares of the 
times of vibration. 

10. Show that with the same pendulum in different places 
the accelerations produced by gravity are inversely pro- 
portional to the squares of the times of vibration, and 
directly propoi'tional to the squares of the numbers of 
vibrations in the same time. 

11. What are the limitations to the truth of the formula 
which expresses the time of vibration of a pendulum 1 
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12. How may the formula be extended to cases outside 
these limits 9 

13. Define the terms centre of oscillation, and centre of 
sttapensumf 

14. What is meant by the length of a compound 
pendulum 1 

15.- Describe methods by which the length of a compound 
pendulum may be experimentally determined 1 

16. Explain how the time of vibration of a pendulum 
may be determined experimentally with great accuracy. 

17. What is the most accurate method of determining the 
acceleration due to gravity at any place ? Show how the value 
of ^ is obtained. 

18. Explain why the value of g varies with the latitude, 

19. How does the value of g vary with the altitude 9 

20. Given the value of g at any place, show how the 
length of the seconds pendulimi at that place may be 
calculated. 

Introductory Examples to Chap. XI. 

(a) A pendulum 6 inches long is vibrating in a place 
where ^ = 32 : what is the time of vibration 1 

/I 
By Art. 1 54, t = w / -, where I and g must be expressed 

in the same units of length, and since g = ^2 feet per 
i" per i", l=z^ = ^ foot. Therefore < = ^ /- 

= 3- i4XS9>^^=3-UiS9xi-o-3927 second. 

(h) What is the length of the seconds pendulum in a 
place where <jr = 32*2 1 

/I I I 

By Art. 154, « = '^,y/^-- i = 3-MiS9^^ JJT^ m* 

I 32 •2 

= 3.i4iS9"x— —.%?== -——-5= 3.2625 feet=» 

39 15 inches. 



=V: 
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Solutions of Ezebcises to Chapter XL Page 1x5, . 

:. By Art. 154, ^ = ic I -, where < = i second. Therefore 

I ... ? . , .^2 -19 32-19 

32-19 32-19 »■ 3*i4i59 

39 . 1393 inches. 

2. By equation of Art. 154, or by Art. 157, the lengths 
are proportional to the squares of the times of vibration .*. 

I* : (J)* : : 39 • 1393 : 2 • 446 inches. 

3. The number of oscillations made at the equator in the 
day = 86400, and at the poles = 86400 + 300 s 86700. From 
equation of Art 154, the acceleration due to gravity is 
inversely proportional to the square of the time of oscUlation, 
and therefore directly proportional to the square of the 
number of oscillations in a given time .'. 

Force of gravity at equator : Force at poles : : 86400' : 
86700'; or as 144 : 145 nearly. 

4. 39-1393 -TO = 39'oS?3 inches. From Art. 154 the 
length is inversely proportional to the square of the number 
of oscillations in a given time. Hence 

As 39*0893 : 39*1393 : : 86400' : a:', where x is the 
number of oscillations made by the shortened pen- 
dulum in a day. From this proportion a; = 86457*7 
sees. Then 26-86400 = 577 sees. 

5. By Art. 163, as (4000 + 3)' : 4000' ::g :g\ And by 
the equation of Art. 154, the accelerations at ihe base and 
at the top are directly proportional to the squares of the 
numbers of oscillations made in a day. The number of 
oscillations made in a day at the base = 86400. Let x s 
number made at the top, tiien as 

4003' : 4000' : : 86400' : a^, from which x is found to be 
86335*2. Then 86400 - 86335*2 s 64*8 seconds. 
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6. By Art 154 the lengths are directly proportional to 
the accelerations due to gravity. Therefore the forces of 
gravity in the two places are as 39*15 : 39' i4) or as i : '9997. 

7. Erom equation of Art. 154, the lengths are directly 
proportional to the squares of the times of vibration. 
Therefore if ^ be the length of the pendulum that would 
vibrate once in 60 seconds, we have 

V : 39*15 : : 6o* : i*/. 7 = 39'i5 x 3600 inches= 11,745 
feet. 

8. From equation of Art. 154, the lengths are directly 
proportional to the aocelerations of gravity. Let x = lengtji 
of pendulum in Dublin, then 

As 32*19 : 32*2 5 : 39*1393 : a? /.a? =39*1 51 inches. 

9. See Solution to Exercise 3. Let a; = the number 
of vibrations made in a day by the pendulum when brought 
to the equator, the number made in London being 86,400. 
By equation of Art 154 the accelerations are directly 
proportional to the squares of the numbers of vibrations. 
Therefore as 

32*19 : 32*09 : : 86400' : a^, from which x is found to 
be 86265. ^en 86400 - 86265 = 135 seconds, the 
number lost at the equator. 
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CHAPTER XII. 

EXAMINATION QUESTIONS. 

1. Define Statics. 

2. When it is said that the forces acting on a bodj 
equilibrate each other what is meant ? 

3. In problems in Statics why is it not necessary to take 
into account the mass of the body on which the forces act f 

4. Define Composition of Forces. How is the problem 
divided 1 

5. Show how to obtain the resultant of any number of 
forces acting in the same straight line. 

6. State and prove the Parallelogram of Forces. 

7. Show how the resultant of two forces may be calculated 
in certain special cases without the aid of trigonometry. 

8. Determine the general formula for calculating the 
resultant of two forces. 

9. How may the parallelogram of forces be verified 
experimentally ? 

10. State and prove the Triangle of Forces. 

11. Show that if three forces acting on a particle be in 
equilibrium, each force is proportional to the sine of the 
angle between the directions of the other two. 

12. State and prove the Polygon of Forces. 

13. State and prove the Pandlelopiped of Forces. 

14. Define Resolution of Forces. 

15. If the magnitude and direction of a force be given 
show how its ^ect in another given direction may be 
determined. 

16. Give different methods for determining the resultant 
of any number of forces acting on a particle. 

17. Given the magnitude and direction of the force of the 
wind upon the sail of a boat, show by means of a diagram 
the amount of this force which is avcolable in the direction 
of the boat's motion. 
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Intboductobt Examples to Chapter XII. 

(a) Three forces of 5 lbs., 7 lbs., and 10 lbs., respectively 
act on a particle in the same line and in the same direction, 
and another force of 20 lbs., acts on the particle in the 
opposite direction : what is the resultant force 1 

By Art 167, Resultant = 5 + 7 + 10 -20 =^2 lbs. /. the 
resultant is a force of 2 lbs. acting in the direction of 
the first three forces. 

(5) Two forces of 10 lbs. and 12 lbs. respectively act on a 
particle in directions inclined to each other at an angle of 
60^ : find the resultant. 

We may employ the method of Art. 170. (The SivderU 
wiU d/r<m the diagram). Let O be the particle. 

From O draw OB horizontal and =12, and OA at 
an angle of 60^ to OB and =10. Complete the 
parallelogram and draw the diagonal OL. Then 
(Art. 169) OL = the resultant. fVom L draw LB 
perpendicular to OB produced. Then the triangle 
LBB is half of an equilateral triangle .*. BD = -^BL 
= iOA = 5. By Euc. IL, 12, OL' = OB» + BL« 

+ 20B'BD = i2*+ io* + 2 X 12 X 5 .'. 0L= ^364=19 
lbs. as the resultant. 

Or, we may employ the equation of Art. 171, 

Il*=io*+ i2*+2 X 10 X 12 X cos 60° = ID* + 12'+ 2 X 10 
X 12 X ^ = 364 .*. ft = 19 lbs. 
[c) The ends of a cord passed through a ring fixed in a 
are pulled each with a force of 10 lbs., the two parts of 
the cord being inclined to each other at an angle of 120° : 
find the resultant. 

If lines be drawn representing the magnitude and 
direction of the forces and the parallelogram be com- 
pleted, it will be found that the parallelogram is a 
rhombus, whose shorter diagonal xepresenting the 
resultant is equal to one of the sides. The resultant 
is therefore 10 lbs. 



wall 
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Or^ using the equation of Art 171, 

R«=s io*+ io*+ 2 X 10 X 10 X cos 120® = io*+ io*+ 2 X 
lox lox (— i)=io*+ io*-io*»io*.\ R=io lbs. 

(d) A force of 100 lbs. acts in a direction inclined to the 
horizontal at an angle of 45° : what is the effect of the force 
in a horizontal direction % 

By Art 1 80, the force resolred horizontally = 100 cos 45^ 
ss 100 X Jv'a = 50V2 lbs. 

Solutions of Exercises to Chap. XII. 

1. Let P and Q be the forces and B the resultant Then 
Art 169 or 171, since their directions form a right angle 
R««P« + Q«. And by question PiQ: :3:4.'.4P = 3Q. 
Hence we have the two equations 

P* + Q'=22S 

Solving for P and Q, we find P = 9 lbs. and Q = 12 lbs. 

Or: — Since the resultant =15 lbs., the square of the 
resultant = sum of squares of component forces = 225 
lbs. And as by the question the components are as 
3 : 4, if we divide 225 into two parts proportional to 
3* and 4^, these will be the squai*es respectively of 
ihe components, and extracting the square roots we 
obtain the forces. 

2. If the forces are in the same line then, if they kept the 
partible at rest, the algebraic sum of the forces would be o 
,(Art 167), that is one of the forces would be equal and 
opposite to the sum of the other two. But this cannot be 
,the case with the given forces. 

If the directions of the forces are not in the same line, 
then if they kept the particle at rest a triangle could 
be formed having its sides respectively parallel and 
proportional to the forces. But (Euc. I.^ 20), this is 
impossible with the given forces. Therefore the 
forces cannot keep the particle in equilibrium. 
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', 3. From Ai^t. 174 and Euc. L, ao, the forces cannot be 
acting in different directiooB. But (Art. 167)) if they are 
acting in the same line, and the force 12 lbs. in an opposite 
direction to the forces 8 lbs. and 4 lbs. the particle will 
remain at rest. 

' 4« (ThA Student vdU draw the diagrcmi,) Let OAB be 
the isosceles right-angled triangle whose base AB is the rod, 
and OA, OB the strings, O being the fixed point. Let T 
be the tenison in OA, T' that in OB and W = weight of the 
rod acting at its middle point since the rod is uniform. 
'Then there are three forces (T, T* and W) whose directions 
iall pass through the point O ; and the sides of the triangle 
OAB are respectively perpendicular to these forces, OA 
being at right angles to T', OB to T, and AB to W. 
Therefore (Art 175), 

T:W::OB:AB. 

But since OAB is an isosceles right-angled triangle 
OB : AB : : I : \/2. 

/. T : W : : I : \/2. Similarly it may be shown that 
T' : W : : I : \/2. 

5. (Tlis Student will draw the diagram.) Let OAB be the 
.equilateral triangle where AB is the rod and, OA OB the 
strings, O being the fixed point. Let T be the tension in 
OA, and T' that in OB, T being equal evidently to T. The 
weight W of AB acts at C, the middle point of AB. Join 
.00, and from C draw CD parallel to OB and meeting OA. 
in D. Then the sides of the triangle ODO are respectively 
parallel to the directions of the three forces, OD being 
parallel to T, CD to T' and 00 to W /. (Art. 174) 

T:W::OD:OC 

But if the side of the equilateral triangle be taken = i, 
then OD = J, and 00 = ^^3 •'. 

T:W::i:\/3 

6. By Art. 169 or 170, R»=«P2 + Q« /. 25*= 15* + Q^ .'. Q 
= 20 lbs. 

g2 
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7. Since the aqptte of the TCBolteat Ib eqiml to tlie som of 
the eqaflzes of the oranponentB, it follows firam AiL 169 that 
the nn^ between the oompoiientB is a right angie. 

Or: — AxL 171, 

R*=P«+Q" + 2PQcoBa .•.3S«=2i»+28» + 2 x 21 x 28 
X 006 a .'. 2 X 21 X 28x006 a = 35*-(2i*+28*) = o 
/. 006 a = o = 006 90** .'. a = 90°. 

8. See Introductoiy Examples (c). The pressure is equal 
to the resultant of the two tensions. Therefore Art. 171, 

B* = 20* + 20* + 2 X 20 X 20 X cos 120** = 20* + 20* + 2 X 20 
X 20 X ( - J) = 20* + 20*— 20*= 20" /. R = 20 Ibs. 

9. By Art i8o, the effect of the force in a horizontal 
direction = 30 cos 30^ = 30 x Jv'S = ^Sv^S l^s- 

10. By Art 169 or 1 7o,R* = 1 2* + 4* = 160 /. R = 4^^ 10 lbs. 

11. Let the directions of the forces be so arranged that 
the force I2\^7 lbs. will act in a horizontal direction from 
right to left, the force 20 lbs. being aboye the horizontal 
line and the force 30 lbs. below it Through the particle 
draw horizontal and vertical axes, and resolve vertically and 
horizontally as in Art. 181 (c). Let X = algebraic sum of 
forces resolved horizontally and T = sum resolved vertically. 
Then, 

X=20 cos 60^ + 30 cos 60^- I2\^7 = 10 + 15- 12^7 
= 2S-I2V^7. 

Y = 20 COS 30^ - 30 cos 30° = - 10 COS 30° = - 10 

Therefore (Art 181) R« = X» + Y» = (25 - 12^7)* 

+ (-5^3)* = i7o8-6ooV'7 .•.R=v'i7o8-6oov'7 
=s 1 1 lbs. nearly. 

Or : — If the directions be arranged so that the force 
30 lbs. acts horizontally from left to right, the 20 lbs. 
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acting nbove and lav^y lbs. below the borizontal, 
then resolving horizontally and verticallj as before, 
we hare 

X = 3o- 2ocos6o''-i2\/7cos6o° = 3o-20x J- lay'? 
X ^ = 2o-6v'7. 

Y = 20 cos 3o**-i2-v/7 cos 30^=20x^^/3-12^7 
X ^3 = 10^3 -6^21. 

R2=(2o-6;^7)« + (ioV3 - 6^21)* = 1708 - 600^7 
/. R = V 1 2 1 nearly =11 lbs. nearly. 

12. By Art 171, R*= io*+ i2* + 2 x lox 12 x J /. R 
= i6*9 lbs. 

13. By Art. 171 , R'=2* + 3* + 2 x 2 X3 xcos45® = 4 + 9 
+ 12 X JV2 .'. R = V13 + 6^2 = 4« 6 lbs. nearly. 

14. By Art 171, R« = P' + Q' + 2PQ cos 135^ and by 
question R = Q /. Q^ = pa + Q« + 2PQ x - W2 /. o = P« 

P \/2 
- PQv'2 /. P' = PQ-v/2 /. Q = — /. P : Q : : V2 : 1. 

15. See Fig. of Example 4, page 125, Text-Book. The 
angle APB is in this case 45^. By Art. 174, the forces are 
proportional to the sides of Uie triangle PAB, to which they 
are respectively parallel. Therefore F : 20 : : AB : AP. But 
PAB is an isosceles right-angled triangle/. ABsAP/.F 
= 20 lbs. 

16. The pull on the point P is the force acting along the 
strings BP ; and as the three forces acting on the point B 
are in equilibrium, it follows that the tension in BP must 
be equal and opposite to the resultant of the two forces 
F a nd the 20 lbs. weight But by Art 171 this resultant 

sz V 26^ + 26^ SI 20^ 2 lbs., which is the pull on the fixed, 
point 

17. Art 171, R'rrP' + Q'+2PQ cos a, therefore 

(sv'a)*^ S"+ S'+ 2 ^ 5 >« 5 ^ «» o .-. 

SO cos as75-(25 + 25)s2S.'.oo6o-}scos 6o* /. « 
= 6o». 



102^ SOLUTIONS 09 EXERCISES TO CHAP. XII. 

1 8. Eacli peg Ims to sustain two tensioiis of lo lbs. eacli 
in directions inclined at an angle of 6o^. The resultant 
pressure on each peg being R, we have, by Art. 171, 

R* = lo* + to" + 2 X 10 X 10 X J /. R = ^i(/ X 3 
= io>/3 lbs. 

19. See Solution to Exercise 2. 

20. Determining the resultant by the method of Art. 177, 
it is evident that the resultant is represented by the line 
joining the extremities of the first and third sides, and this 
line is one of the diagonals of the hexagon. 

21. See the Fig. to Example 6, p. 125, Text-Book. In 
this case AC = 6 feet, BC = 8 feet, and AB = 10 feet. Let t 
= tension in AC and t' that in BC. Then (Art. 175), the 

forces are proportional to the sides to which they are 
respectively pependicular .*. 

t : 20 lbs. : : 8 : 10 .'. < = 16 lbs. 
t' : 20 lbs. : : 6 : 10 .'. <' = 12 lbs. 

22. By Art. 171, R^«5*4-42+ 2 x 5 x 4x^.-.R = V^ 
e 3V'5 lbs. 

23. By Art. i7i,R*=s 10* + 12^ + 2 x lox 12 x cos 120°.*. 
R = \/ioo + 144+ 2 X 10 X 12 X - J=;Vi24 ozs. 

24. By Art. 171, R' « 12' + 16^ + 2 x 12 x 16 x cos 90°. 

And since cos 90° = o .*. R = v' 1 2* + 16'' = 20 ozs. 

25. Let the forces be aiTanged so that the 4 lbs. force 
will act horizontally towards the right, the 6 lbs. above the . 
horizontal line, its direction making an angle of 60° with . 
the former, and the 8 lbs. also above the horizontal making 
an angle of 90° with the second. Then resolving horizontally 
and vertically as in Art. z8i, and in Solution to Exercise 
II, we have 

X = 4 + 6 008 6o°-8Q0S30°=x4 + 3-4i/3=»7-4y'3 

Y = 6 cos 3o®+8 cos 6o°o 3^/3 + 4. 

9 • 2 lbs. nearly. 
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25. This follows as a ooroUaxy from Art. 175 (2). 

27. The resultant may be found by any of the methods 
described in Art. 181. 

28. See Art. 180. Besolving horizontally we obtain 106 
eos 30^ s: 50 V3 lbs. Besolving vertically, the effect in a 
vertical direction =100 cos 60^ = 50 lbs. 

29. See Solutions to Exercises 1 1 and 25. Let the forces 
be so arranged that the 100 lbs. force acts horizontally 
towards the right, the 99 lbs. force above, and the toi lbs. 
below the horizontal line. Then resolving horizontally and 
vertically as in Art. 181, we have 

X = TOO - 99 cos 60° - lai eos 60° = 100 - 99 x | - loi 
Y = 99 cos 30° - loi cos 30° = 99 X ^ VJ - lOI X I v'S 

The resolved forces in a horizontal direction vanish, 
therefore the resultant is the sum of the i-esolred 
parts in the vertical direction. The resultant there- 
fore = ^3 lbs. acting at right angles to the direction 
of the force 100 lbs. The - sign attached to the 
resultant merely indicates that in the particidar 
arrangement chosen the direction of the resultant 

. lies hdaw the horizontal line. 

Proceeding in the same way with any arrangement of 
the directions of the forces the equations obtained in 
' resolving in two directions will differ from thpse^ 
' above, but the same results will be arrived at. 

30. By Art. 171, R*=2* + (3\'3)* + 2 X3 ^3 ^ 2 x Jv'j 
?=49.-. R = 7 lbs, 

31. By Art. 171, since cos 135° = - JV^, we have 
R»ad 17« + {24V2)* - 2 X 17 X 24^/2 X ^^2 .'. It = 25 lbs. 

32.. Art, 171, R« = P»+Q« + 2PQ cos o.M4« = pa + 4» 
4 2 X P X 4 X CO B 30** .-. P^ + 4 V3 P = 180 .-. P = - c i/3 
±v'(2v'3)2 + 180 = - 2 ^±8^3 = 6V3 « 10 -39 Wm. > 
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33. Since tlie pegB axe smoodi tiie tenaian thioa^iOQi tbe 
string is the same and is equal to 10 lbs. The pressnie on 
each p^ is the resnlfcant of the two tensions^ each of which 
is 10 lbs. These tensions at the p^ A are inclined to each 
other at an angle of 60^, and at eadi of the other pegs at 
an angle of (90^ + 60^) = 150^. Therefoie the raoltaut 
pressure at A being called By we have, by Art 171, 

JEl^ = 10' + lo* + 2 X 10 X ID X cos 6o* /. R = ^300^ 
10 V3 lbs. 

And the resultant pressure on each of the p^s B and 
G being called B' we hav^ by Art. 171, 

B'*=io*+io" + 2 X 10 X 10 X cos 150** = 100 + 100 
+ 2oor - -~ j = 100(2 - V3) aBs loVT^Vl lbs. 

34. The angle at A being 90°, the angles ABC and AGB 
are each 45^, and therefore tiie tensions at B and those at O 
are in each case inclined at angles of (90^4-45^)== 135^* 
Hence proceeding as in last solution, we have 

B* =s lo* + lo* + 2 X 10 X 10 X cos 90® = 100 + 100 = 2oa 
.*. B = 10 V2 lbs., the pressure on A. 

B'*=io*+ io*+2 X 10 X 10 X cos 135® =s 100 + ioc> 
+ 2oo( - i\^2) = 100(2 - ^2) :, B = io\^2 - V2. 

35. See Introductory Examples (c). The pressure on the 
peg is the resultant of the tensions, therefore by Art 171, 

B* = 8o* + 8o* + 2 X 80 X 80 X COB 60** = 80* + 80* + « 
X 80 X 80 X i = 3 X 8o« .-. B = 80V3 lbs. 

36. Compounding, by Art 167, each pair of forces acting 
in opposite directions we find, 

Besultaint of 3 lbs. and 5 lbs. foroess 2 ilMk acting in the 
direction of the 5 lbs. force. 

Besnltant of 4 lbs. and 6 lbs. foroess 2 lbs. acting in the 
direction of the 6 lbs. foroe. 
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The forces are therefore equivalent to two forces each 2 
lbs., and acting in directions inclined at a right angle. 
Therefore, Art 170, 



Il»= 2»+ 2» /. K = v'2'»+ 2«= 2^2 lbs. 

37. {The Strident iviU draw the diagram.) Let the tension 
in OB be called ^, and that in OA, t,. There are three forces 
acting at o, the two tensions and the weight 40 lbs. Each 
of these forces is at right angles to a side of the triangle 
AOB, therefore by Art. 175 

^, : 40 : : 12 : 20 .*. ^, = 24 lbs. 

/, : 40 : : 16 : 20 .'. ^8 = 32 lbs. 

38. From one extremity of one of the diagonals of the 
given parallelogram, draw a line equal and parallel to the 
other diagonal, and complete the new parallelogram. The 
diagonal of this parallelogram, drawn from the extremity of 
the iirst diagonal, will represent the residtant of the two 
given forces, and from the construction it will be at once 
seen that this diagonal is double one of the sides of the given 
parallelogram. 

39. The directions of the forces form three adjacent edges 

of aparallelopiped /. by Art. 1 7 8, R = V4* + 5* + 6" = Vjy lbs. 

40. In solving this problem the forces may be resolved in 
any two directions, the equations obtained varying with the 
directions. The following arrangement may be adopted. 
The student will draw the diagram. 

Take a point O and draw OA horizontal and equal to 
10 lbs., OB above the horizontal line making an 
angle of 60^ with OA and equal to to lbs., 00 Bhove 
the horizontal at an angle of 75^ with OB and equal 
to 8 lbs., OB at an angle of 60^ with 00 and equal 
to 6 lbs., and OE equal to 4V3 lbs. and at an angle 
of 90^ with OD. Through O draw vertical and 
horizontal axes. Then it will be readily seen that 
OB and 00 make angles of 45^ and 30^ respectively 
with the vertical, that OD is horizontal and that 0£ 
is vertical and below the horizontal. 
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Eesolving borizontally and vertdcallj, and calling the 
sum of the resolved parts in a horizontal direction X, 
and the sum of those in a vertical Y, we have 

Xa IO+ lo cos 45^-8 cos 60® — 6 = 10 + 5^/2 -4-6 
= 5v'2 

Y =: 5^2 + 4v'3 - 4v'3 = Sv' 2 

Therefore, Art. 1 8 1, R = VX' + Y" = ^(W^y+Ts^' 
= 10 lbs. 
'41. Resolving each force horizontally by Art. 180, and 
adding, we have 

Force = 30 cos 60^ + 2000s 45® = 30 x ^ + 20 x Jj/a = 15 
+ iov'2 = 29'i4 lbs. 

42. The pull on the rope when resolved in the direction 
of the boat's motion is the effective force acting on the boat 
in the direction it is moving. This resolved force is equal 
to the force of the pull multiplied by the cosine of the angle 
made by the direction of the rope and the direction of the 
motion of the boat. With a long rope the angle between 
the direction of the pull and the line of motion of the boat 
can be smaller than with a shorter rope. The smaller the 
angle the greater its cosine, and therefore with the same pull 
the effective force acting in the direction of the motion of 

• the boat is greater with a long rope than wKih a shoit one. 

43. (The Stvdent %oiU draw ike diagram.) Let be the 
weight as 24 lbs. Draw OB to represent the horisontal 
string, and draw OA on the other side of the vertical 
through O and making an angle of 30° with the vertical 

. to represent the second string. Let ^1 be the tension in OB 
and tg the tension in OA. Through A draw AC horizontal 
and meeting the vertical in the point 0. Then the sides of 
the triangle AGO are respectively parallel to the three forces 
acting on O, AC being parallel to t„ AO to <„ and CO to 
the weight 24 lbs. And since the triangle ACO is evidently 
half an equilateral triangle, if the side AO be taken = i, 
AC a« i, and CO =« ^3. Therefore, by Art, z 74, 

<j : 24 : : AC : CO : : I ; V3 .•• h-^ = Ws lbs. 
igitr.: AOiAC III :i:.tgm2t^»i6V3lhB> 
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CHAPTER Xni. 

j3:amxnation questions, 

1. What are Parallel Forces ? How are they divided ? 

2. What is meant by the transmissibUity of force f 

3. Two given parallel forces act on a body : show how 
the magnitude, direction, and point of application of their 
resultant may be determined {a) when the forces are like, 
(h) when they are unlike. 

4. How may the preceding results be experimentally 
:verified? 

5. Define the term Couple. Show that a couple has no 
fiingle resultant. 

6. How may the magnitude, direction, and point of appli- 
cation of the resultant of any number of parallel forces be 
determined ? 

7. What is the centre of a system of parallel forces 1 

8. In what case has a system of parallel forces no single 
resultant 1 In what case does the resultant vanish 1 

9. Show how a given force may be resolved into two or 
more component parallel forces. 

Inteoduotoby Examples to Chap. XIII. 

(a) Like parallel forces of 12 lbs. and 3 lbs. act respec- 
tively at the extremities of a rod 2 J feet long : find the 
tesultant and its point of application. 

By Art. 185, Ke8ultant=:i2 + 3 = i5 lbs. To find its 
point of application "we divide the distance between 
the forces, 30 inches, inversely as the forces. There- 
fore, by the rule of proportional parts, as 12 + 3 : 
' 12 : : 30 : 24 inches, the distance from 3 lbs. force. 

And 30 - 24 = 6 inches, the distance from the 12 lbs.' 
force. 
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. (b) If the forces in the last question were unlike, what 
would be the magnitude and direction of the resultant 1 ' 
By Art 186, Resultants 12-3 = 9 ^^^> acting in the 
direction of the 12 lbs. force. To find the point of 
application of the resultant we produce the line 
between the forces through the point of application 
of the greater force, so that the whole line produced 
is to the produced part as the greater force is to the 
smaller. Let the produced part be called x, then hj 
Art. 186, 

As (30 + x) :x:: 12 : 3 /. 1 2 as = 90 + 3 a? /. a: = 10 inches^ 
the distance of the point of application of the resultant 
from the greater force, 

(c) The resultant of two like parallel forces is 20 lbs. ; 
one of the forces is 15 lbs., and it acts at a distance of 4 
inches from the resultant : what is the other force, and 
where does it acti 

By Art 185, the other component =20 -15 = 5 lbs. 
And since the distances of the components from the 
resultant are inyersely proportional to the forces, we 
have 

As 5 lbs. : 15 lbs. : : 4 inches : 12 inches, the distance 
of the 5 lbs. force from the resultant. 



Solutions of Exercises to Chap. XIII. Page 134. 

1. By Art. 185, the resultant = 10 + 6 = 16 lbs. To find 
the point of application we divide the distance between the 
forces inversely as the forces. Hence, using the rule of 
proportional parts, as 10 + 6 : 10 : : 4 : 2| feet, the distance 
from the 6 lbs. force, and 4 - 2^ = i^ feet^ the distance from 
the 10 lbs. force. 

2. See last solutbn. The pressure upon the point will be 
the resultant of the forces acting on the rod, and the point 
of application of the resultant will be the point on which the 
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rod will balance, since tben the reaction of the fixed point 
will be eqnal and opposite to the resultant of the forces, and 
hence the system will be in equilibrium. 

By Art. 185, the resultant = 5 + 7 = 12 lbs. = pressure on 
fixed point. The position of this point may be found 
as in last exercise, or as follows : — Leta; = distance of 
point of application of resultant from the force of 5 
lbs., then the distance of this point from the other 
force = 30.- a? /..by Art. 185, 

5 • 7 : 130 - X : » :. ^x= 210 - jx. 

/. i2a;=2io.*.aj= 17^ inches from the force of 5 lbs. 
And 30 - 17^= 12^ inches, the distance from the 7 
lbs. force. 

3. By Art. 186, the resultant = 16 - 12 = 4 lbs. Let x s 
the distance beyond the point of application of the greater 
force at which the resultant acts, then, by Art. 186, 

i-^x:x :: id : 12 /. 160;= 12 + 1203 .*. a? = 3 feet. Hence 
the resultant acts at a point 3 feet distant from the 
point of application of the greater force. 

4. See solution to last exercise. Besultant= 10- 7 = 3 
lbs. Let X = distance to which the line between the forces 
is produced through the direction of the greater force, then, 
by Art. i86„ 

6 + d? : a; : : 10 : 7 .'. d? = 14 inches from greater force. 

5. (The Student wiU form the diagram.) Praw a square 
ABGD, having at its angular points A, B, 0, D like parallel 
forces of I, 2, 3, and 6 lbs. respectively acting. Draw the 
diagonals AC and BD intersecting in O. 

By Art. 189, the resultant of all the forces =1 + 2 + 3 
+ 6 = 12 lbs. 

By Art 185, the resultant of t)ie forces i lb. and 3 lbs. 

= 4 lbs. acting at a point E on AC at one fourth the 

length of AC from C. Similarly the resultant of the 

forces at B and D is 8 lbs. acting at a point F distant 

one fourth of BD from the point D. Join :FE and 
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diyideitat GioiTerselyiusl^heforceBSlbs. axid^lbs. t 
G is the point of application of the resultant of all 
the forces (Art. 189), Now since the line F£ 
bisects the sides of the triangle ODC, it bisects the 
perpendicular from O on the line DC, and it is there- 
fore 2 J feet distant from DC. The point G may 
also be easily shown to be 4^ feet distant from AD. 

KoTE. — A better method of solving problems similar to 
the above is explained in Chap. XV. 

6. We resolve the force 224 lbs. into two components 
acting at distances which are in the ratio of 3 to i. By Art. 
185, the components are inversely as these numbers. Let 
X = the less component, then 224 - a; = the greater. 

And, Art 185, x : 224 - « : : i : 2 /. 20?= 224 -«/.«= 
74f lbs., the less component; and 224 - 74f = 149J 
lbs., the greater. 

7. (The Shident will draw the diagram.) Let each of the 
equal forces be P, acting respectively in the directions AB, 
BC, and CA. By the principle of Art. 184 the force acting 
along BC may be made to act at C and in the direction o£ 
BC produced, and similarly the force acting along CA may 
act from the point C. At C therefore there are two forces 
each = P acting in directions at right angles to each other. 
Compounding these forces (Art. 169) Uttear resultant is the 
diagonal of a square whose side = P. The resultant there- 
fore =V2P*s=P v' 2 ; and by the construction it is seen 
that this resultant is parallel to AB. The three forces are 

consequently equivalent to two — a force = P V2 acting at O 
in a parallel direction to AJB, and a force P acting along 
AB and which may be made to act at D. There are therefore 

two unlike parallel forces, TV 2 and P^ acting at the points 
C and D respectively, and by Art. 186 their resultant acts 
at a point found by producing DC to a point £ such that 
D£, the whole line produced, is to CE, the produced ][)art, 

: :PV^2 :P iiVzii. 
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8. {The Stvdent wiU draw a diagram mmla/r to Huit oj 
Kxamfkple 2, page 134, Text-Book.) Let the three forces be 
Py Q, and S acting at the points A, B, and respectively. 
Then, as in Example 2^ page 1 34 of T^xt-Book^it can be shown 
that D is the point of application of the resultant of F and Q. 
At D therefohs we have a force P + Q proportional to the 
sum of the triangles BOO, AOC, and at C we have a foree 
S, proportional to the sum of triangles BOD, AOD .*. 

P + Q:S::BOC + AOC:BOD + AOD. ButbyEuc. 
YL, I, and the principles of proportion it may be 
readily shown that 

BOC + AOC : BOD + AOD : : CO : OD /. 

P + Q : S : : CO : OD, and therefore by Art 185, O is 
the point of application of the resultant of the forces 
P + Q and S, and is therefore the point of application 
of the resultant of the three given forces. 

9. Since one of the components is 3 inches distant from 
the resultant 8 lbs., the other component is, by the question, 
5 inches distant. Hence dividing 8 lbs. into parts pro- 
portional to 5 and 3 we find 5 lbs. and 3 lbs. the components. 

10. Let X = smaller force, then, Art. 186, a; + 3 = greater. 
And by Art 186, as 

6 + 8 : 8 :: a; + 3 : «/. i4a; = 8a:+ 24.'.aj = 4 Iba, and 
4 + 3 = 7 Ibs.^ the greater force. 
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CHAPTER XIV. 

KXAMINATION QUESTIONS, 

1. Explain what is meant by the moment of a force. 

2. How is a moment measured (a) geometrically j 
(b)f algebraically 1 

3. How are moments divided ? 

4. If the directions of two forces meet at a point, their 
moments with respect to any point situated on the line of 
action of the resultant are equal and unlike. Give the proo£ 

5. State the converse of the foregoing proposition, and 
give its proof. 

6. If the directions of two forces meet in a point, the 
algebraic sum of the moments of the forces round any point 
in their plane is equal to the moment of their resultant 
round the same point. Give the proof : (a) when the forces 
are like ; (b), when unlike. 

7. Show that the proposition stated in question 4 foUowa 
as a corollary from that in question 6. 

8. Show that if any number of forces in the same plane 
act on a particle, the algebraic sum of their moments roimd 
any point in the plane is equal to the moment of the 
i*esultant round the same point. 

9 . Show that if any number of forces acting on a particle be 
in equilibrium, the algebraic sum of their moments with 
respect to any point in the plane is equal to zero. 

10. The moments of two like parallel forces round any 
point in the direction of their resultant are equal and unlika 
Give the proof. 

11. State and prove the converse of the foregoing 
proposition. 

12. The algebraic sum of the moments of any two 
parallel forces round any point in their plane is equal to the 
moment of their resultant round the same point. Give the 
proof. 
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13. Show that the proposition stated in question 10 
follows as a corollary from that in question 1 2. 

14. Show that the algebraic sum of the moments of any 
number of parallel forces roimd any point in the plane is 
equal to the moment of the resultant round the same point. 

15. Show that if any number of parallel forces be in 
equilibrium the algebraic sum of their moments round any 
point in their plane is equal to zero. 

16. Define the following terms : couple^ like and urdike 
couples, arm of couple, moment of couple, axis ofc(mple. 

17. The algebraic sum of the moments of the two forces 
which form a couple is constant round every point in their 
plane. Xxive the proof. 

18. Show that two unlike couples in the same plane 
whose moments are equal will balance each other. 

19. State some inferences from the last proposition 
regarding the effects of couples in the same plane. 

20. Show that if a system of forces in one plane act on a^ 
particle they are equivalent either to one single resultant, 
force or they are in equilibrium, 

21. If a system of forces in one plane acting on a particle 
be in equilibrium, show that (i), the sum of the resolved 
parts of the forces in any direction vanishes ; (2), the sum of 
the moments of the forces round any point in the plane 
vanishes. 

22. If three forces are in equilibrium, and are not parallel 
show that their directions all pass through the same point. 

23. Show that a system of forces in one plane (i), are 
equivalent to a single resultant ; or (2), are in equilibrium ; or 
(3), are equivalent to a couple. 

24. If a system of forces in one plane are in equilibrium, 
show that (i), the algebraic sum of the forces resolved in any 
direction vanishes ; (2), the algebraic sum of the moments of 
the forces round any point in the plane vanishes. 

25. State the three conditions which determine the 
equilibrium of a system of forces in one plane. Show that 
if any one of these three conditions hold with regard to a 
system of forces in one plane, these forces are in equilibrium. 

H 
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26. In dealing with problems containing unknown forces, 
how may wo eliminate any one that we do not require in 
the investigation ) 



Introductoey Examples to Chap. XIV. 

(a) Two unlike parallel forces of 10 lbs. and 12 lbs. sict on 
a body : what are the measures of the moments respectively 
of these forces roimd a point in the body situated between 
the directions of the forces, 4 inches distant from the 
direction of the first force and 6 inches from that of the 
second ? 

See Arts. 195, 196, and 197. 

The moment of the force of 10 lbs. is measured by the 
product 10 X 4 = 40, and that of the 12 lbs. by 12 x 
6 = 72. But since the moments are unlike, if the 
first be called positive, the second will be negative. 
The measures of the moments, therefore, are 40 and 
-72. 

The meaning to be attached to these measures is, that 
the effect of the first force in producing rotation 
round the fixed point bears to the effect of the second 
force in producing rotation round the same point the 
ratio that the number 40 bears to the number 72. 
The - sign attached to the latter measure merely 
denotes that the rotation produced by the second 
force is opposite in direction to that produced by tbo 
fii*st. 

(b) A bar supposed to be without weight is 4 feet long, 
and three like parallel forces act on it ; a force of i lb. at 
one end, 2 lbs. at a distance of a foot from that end, and 
3 lbs. at the other end : upon what point will the bar balance, 
and what will be the pressure upon the fixed point ? 

Tho resultant of the forces passes through a point in 
th6 bar which if supported the system will be in 
equilibrium, since the reaction of the fixed point will 
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then be equal and opposite to the resultant of the 
forces. By Art. 189, the resultant =1 + 2 + 3 = 6 
lbs. This, therefore, is the pressure upon the fixed 
point. That point or fulcrum must evidently be 
situated between the points of application of the 
forces 2 lbs. and 3 lbs. Let x = its distance from the 
3 lbs. force, then its distance from the i lb. force = 
(x - 4) feet, and from the 2 lbs. = (05 - 3) feet. If 
the forces act at right angles to the bar these 
distances are the respective perpendiculars from the 
fulcrum upon the directions of the forces, and what- 
ever be the directions of the forces these distances 
are proportional to the perpendiculars. Taking 
moments round the fulcrum, since the moment of the 
resultant round this point is o, the algebraic sum of 
the moments of the forces round the fulcrum must 
be o (Art. 204), and therefore the moment of the 3 
lbs. must be equal and opposite to the sum of the 
moments of the other two. Therefore 

3a; = 1(4 - sc) + 2(3 - x) :. a; = if feet from the end where 
the 3 lbs. force acts. 

Note. — ^The same result will be obtained by taking 
moments round any point, the distances of which 
from the forces are known, and applying the pro- 
|X)sition of Art. 204. 



Solutions op Exercises to Chap. XIV. Page 146. 

1. See Art. 174. Compounding two of the forces (Art. 
169) theii* resultBLut is in the same plane as the two com* 
ponents. But since the three forces are in equilibrium 
this resultant must be equal and opposite to the third force; 
therefore the third force is in the same plane as the other 
two. 

2. See Art. 208. Wlien the couples are unlike and 
liave equal moments they produce equal and opposite effects. 

h2 



i 
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3. If they are not parallel forces, the directions of at 
least two of the forces must meet at a point. At this point 
compound the two forces and find the resultant. This 
resultant is equal and opposite to the third force, and there- 
fore the direction of the latter passes through the point of 
intersection of the directions of the two former. 

If, therefore, the directions of any two of the forces are 
not parallel, the directions of all the forces must pass 
through the same point. K the directions do not pass 
through the same point, and if the forces are in 
equilibrium, then they must be all parallel ; two of 
them must act in the same direction, and the third 
— equal in magnitude to their sum — ^must act in the 
opposite direction, at a point found by dividing the 
distance between them inversely as the forces. 

4. {The Student will draw tlie diagram showing the position 
of the forces. ) If a sixth force acted at the unoccupied angle, 
the resultant of all the forces would act at the centre of the 
hexagon. Removing the sixth force, it is evident from the 
symmetrical arrangement that the C.G. of the five forces will 
be some point on the diagonal passing through the unoccupied 
angle, and on the other side of the centre. Let a? -its 
distance from the centre, let each force be called P, and take 
moments round the unoccupied angle (Art. 204). If the 
forces be taken acting at right angles to the diagonal passing 
through the unoccupied angle, it will be readily seen that 
the direction of one of the forces is at a perpendicular distance 
of 20 inches from the point round which moments are taken, 
those of two are at a perpendicular distance of 1 5 inches, 
and those of two at a perpendicular distance of 5 inches. 
And whatever be the direction of the parallel forces, these 
distances will be proportional to the perpendiculars respectively 
from the point upon the directions of the forces. By Art. 
204 the moment of the resultant round the unoccupied angle 
is equal to the sum of the moments of the forces round the 
same point /. 

5Pa; = P X 20+ 2Px 15+ 2P X 5 /. 5a: = 60 .'. a = 12 
inches from the unoccupied angle. 
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Note. — A better and more general method of finding 
the O.G. is explained and illustrated in Chap. XY. 
By this method the position of the C.G. is determined 
by finding its distance from each of two fixed lines 
in the plane. 

5. If the forces act in a direction at right angles to the 
bar, the distances given in the question will be respectively 
the lengths of the perpendiculars from the end upon the 
directions of the forces ; and whatever be the direction of 
the parallel forces, the perpendiculars upon their directions 
will be respectively proportional to the given distances. 

Let X = the distance of the resultant from the given end 
of the bar ; then, Art. 189, the resultant «: i + 2 + 4 
+ 7 = 14 lbs. Taking moments round the end, we 
have, by Art 204, 

140;=! x2 + 2xc + 4x7 + 7x9.*.a?=7|^ feet from end. 

6. Proceeding exactiy as in last solution, we have resultant 
= (3 + 4 + 5 + 7)' Its. = 19 lbs. And by Art. 204, 

1905 = 3x2+4x4 + 5x6 + 7x8= 108 .'. X rs 5-j^ feet 
from end of bar. 

7. Proceeding as in solution to Exercise 5, we have 
resultant =2 + 6 + 4=12 lbs. Taking moments round the 
first end /. (Art. 204), 

120;= 2xo + 6x6 + 4x 12 = 84.'. x= 7 inches£rom end. 

8. Let a point be taken vnthin the polygon and let the 
moments round this point of the forces represented by the 
sides of the polygon be determined geometrically. Then the 
moments are all like, and each moment is twice the area o£ 
the triangle having the point for vertex and the line rep- 
resenting the force for base ; therefore the sum of all the 
moments is equal to twice the area of the polygon. Again 
let a point be taken without the polygon and the moments 
determined as before. These moments are not all like, but 
their algebraic sum is readily seen to be once more twice the 
area of the polygon. Therefore the algebraic sum of the 
moments of the forces round any point in the plane is 
constant, and therefore (Art. 207) the forces are equivalent 
to a couple. 
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9. (The Student will drcno a duigramo/ihe arrangemenL) 
Let the reaction at A be It acting verticallj upwards, and 
that at B, R' acting at right'angles to CB. From A draw a 
perpendicular upon the direction of K', and from the middle 
point of the beam draw a line vertically downwards rep- 
resenting the direction of the weight W. Then it may be 
easily shown that the angles CAB, GBA are each 30^; that 
the perpendicular from A upon the direction of R' makes an 
angle of 30^ with the beam, and therefore the perpendicular 
^IcoB 30^; and that the direction of the. weight W cuts the 
line AC perpendicularly, and therefore the perpendicular from 
A on the direction of W^^l cos 30^. Then resolving 
vertically and horizontally and taking moments round A 
(see Art. 214 and Exam. 3, page 145 Text-Book), 

R + R'cos6o''-W = o (i) 

R'cos3o*'-T = o (2) 

R'?cos3o°-Wx J^cos3o*'=:o ...(3) 

Prom equation (3) R' = JW. Substituting this value in 
equation (2), we find T = JW cos 30° = JW x J/3 = 
WV3 

4 
Note. — Resolving vertically the horizontal force 

vanishes, resolving horizontally the vertical forces 

vanish, and taking moments round A, the forces 

acting through this point vanish. 

10. As the distance between the man's hand and shoulder 
diminishes the distance between the shoulder and the bundle 
increases, the greater consequently becomes the moment of 
the bundle, and the greater must be the pull at the other 
end in order to maintain equilibrium. The pressure on the 
shoolder is (Art. 185) the sum of the foioes at the extremities 
of the stick, and consequently this pressure increases with 
the increase of the moment of the bundle. This pressure on 
the shoulder is met and equilibrated by an equal opposite 
reaction of the shoulder, so that the pressure on the ground, 
which is always the weight of theman, bundle, and stick, is 
not affected by any change in the position of the bundle. 
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If the man placed himself in one of the scale pans of a 
weighing crane, and was eqtdlibrated with weights 
in &e other scale, and if lie pressed downwards with 
his hand on his shoulder or other part of his body, 
this pressure would be counteracted by an equal and 
opposite reaction, but Tiis weight or pressure on the 
scale pan would not be affected. 

1 1. Since the rod is uniform its weight acts at its middle 
point. Let the weight be w. The pressure on the peg at 
the extremity is met by an equal reaction acting downwards, 
and the other peg bears a pressure equal to the simi of this 
reaction and w. The weight w acts at a point 2 inches from 
the latter peg, and the reaction at a point 4 inches distant 

/. (Art, 185) the reaction at the extremity = ^w» The 
pressure on the peg near the middle of the rod is therefore 
(Art. 185) equal to w + iw^i^w; and the ratio of the 
pressures on the pegs is as i^: ^w, or as 3 : i. 

12. Let A' and 6 be the two pegs. Let a; = distance 
from the peg B where the weight 24 ozs. is attached, thereby 
making tiie pressure on A only 8 ozs. At A there is a 
reaction upwards of 8 ozs., the moment of which round B 
pltis the moment of the 24 ozs. round B (both of these 
moments being like) is balanced by the moment round the 
same point of the 20 ozs. acting at the middle point. There- 
fore, taking moments round B, 

24a? + 8 X 12 =s 20 X 6 .•. aj= I inch from B or 5 inches 
from the end of the rod. 

13. SeeSolutionto Exercise 9. The diagram being drawn 
it "^1 be seen that there are four forces, &e weight of the 
beam, the tension of the string, and the reactions of the 
smooth planes. Let K be the reaction at A, and B! that at 
B. Then it is easily shown that B' makes an angle of 60^ 
with the vei'tical and 30° with the horizontal through the 
point B ; that the beam makes angles of 30^ with the planes 
AC, CB ; and that the perpendicular from A on the direction 
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of R' makes an angle of 30° with the beam AB. Resolving 
verdcallj and hoiizontallj and taking moments ronnd A 
(Arts. 214 and 216), we have 

R + R'eos6o**- 100 = (i) 

T-R' cos 30^ = (2) 

R'xABcos 30°- WxiABcos 30^ = 0. ... (3) 
From equation (3), R' = J x 100 = 50 lbs. 

From (2), T = R' cos 30**= 50 x --^ = 25^3 lbs. 

From (i), R= 100 -R' cos 60°= 100-50x^=75 lbs. 

14. See Solution to last exercise. Draw diagram as in 
last solution. Resolve vertically and horizontally and take 
moments round A. Then^ Art. 2 14, 

R + R'cos6o*'-32 = o (i) 

T-R'cos30*' = o (2) 

R' X AB cos 30° - 32 X ^AB cos 30° = ... (3) 

From (3), R' = 32x^=:i6 lbs. From (2), T=i6 
x^ = 8V3 lbs. 

From (i), R = 32- 16 xcos 60° = 32 — 16 x^=24lbs. 

15. Drftw AC horizontal and = 3, OB below the horizontal 
inclined at an angle of 120° to AG and =12. At A let the 
weight of 20 ozs. be suspended, and let x be the weight 
attached to B so that there maybe equilibrium with ^ua 
position of the bent lever. From B draw the perpendicular 
BD on AC produced through C. Then since the angle 
ACB = 1 20°, DOB = 60°, and therefore CD « j^CB = 6 inches. 
Since there is equilibrium, the resultant passes through the 
fulcrum C /. (Art 198) the moments of the two weights 
round C are equal and opposite .'. 

a; X 6 = 20 X 3 .*. a; = 10 ozs. 

16. In this arrangement in order that the beam may 
remain in the position stated, and that the cord BC may 
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keep vertical, the beam AB may be iniagiiied to rest with 
'its end B. against a smooth vertical wall directly under the 
point in the wall to which the cords are attached. There 
are therefore four forces, the two tensions, the weight of 
the beam, and the reaction at B, which is horizontal. 
Let K be this reaction, let the tension in BC be T, and 
that in AC be T'. Then the angles CAB, ACB are each 
45°, and the perpendicular from B on AO = AB cos 45°. 
Besolving verticaJly and horizontally and taking moments 
round B, we have 

T + T' 00345^-50 = (i) 

T'cos45°-R = o (2) 

T' X AB cos 45° = 50 X iAB (3) 

From (3) T' X i v^2 = 50 X i .-. T' = 25 v'2 lbs. 

From (i) T = 50 - 25^/2 x J\/2 = 25 lbs. 

Or : — Taking moments round B and round A, we have 

Round B, 50 X ^AB - T x AB cos 45"^ = o /. T' cos 45° 

= 5oxi.-.T' = ;^- = 25v^ilbs. 

Round A, 50 X ^AB - T x AB = o /. T = 50 x J = 25 lbs. 

17. See Fig. to Example 3, page 124 Text-Book. The 
perpendicular from B upon the direction of F = CE = r-A, 
and the perpendicular EB upon the direction of 'W = EB 

= V'2rA-A''. Since there is equilibrium, the direction of 
the resultant of F and W passes through the fixed point B. 
Taking moments therefore round B we have, by Art. 198, 

F X (r - A) = W X »^2rh - A* /. F = W ^l\\ * - 

18. If a diagram be drawn of the arrangement, it will be 
seen that the vertical from the middle point of the pole 
(where the weight acts) cuts the^ground at a distance of 
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3^ feet from the foot of the pole, and that the tension in the 
cord is at a distance of 8 feet from the lower end. Taking 
moments round this end we have, therefore, 

Tensionx 8 = 25 x 3^ /. Tension s xx* 25 lbs. 

The pressure of the lower end is the resultant of the 
two forces, the tension in the cord and the weight of 
the pole, and as these act at right angles, we haye, bj 
Art, 170, 



Ilesultant = Vii«25'+25'^27«4lbs. 

Note. — There are four forces in the above system — ^the 
tension, the weight of the pole, and the reactions of 
the ground and the wall. 
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CHAPTER XV. 

EXAMINATION QUESTIONS. 

I* Explain what is meant by the centre of a system of 
parallel forces, and state generally the two different methods 
by which it may be determined. 

2. How is the algebraical method of finding the centre of 
a system of parallel forces divided ? 

3. When the points of application of a number of parallel 
forces are in the same line, what is required to be known in 
order that the centre of the forces should be found 1 

4. Show how the position of the centre in the foregoing 
case may be found by calculation. 

5. How is the position of a point in a plane determined ) 

6. When the points of application of a number of parallel 
forces are in one plane, what must be given in order to 
determine the position of the centre of the system ) 

7. Show how the position of the centre in the foregoing 
case may be found by calculation. 

8. When the points of application of a number of parallel 
forces are not in one plane, what must be given in order to 
determine the position of the centre of the system ? 

9. Show how the position of the centre in this case may 
be calculated. 

10. Define the term Centre of Inertia. 

1 1. Define Centre of Gravity. 

i;!. Show that these centres may generally be regarded as 
coinciding. 

13. Give a second definition of the centre of gravity, and 
show how it is obtained. 

14. Define and explain the three states of equilibrium. 

15. In each of these states of equilibrium state how a 
slight displacement of the body affects the position of the 
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centre of gravity : (a), when the body can tarn ronnd an axis 
of suspension ; (b), when the body rests upon a horizontal 
plana 

1 6. A body is placed upon a horizontal plane : what 
condition must be fulfilled in order that the body may 
stand 1 Give the reasons for your answer. 

1 7. If the plane in the last case be inclined, when will 
the body be on the point of toppling over ? 

18. State and explain the principles of the stability of 
bodies. 

19. Why is a small boat in danger of being upset when 
the passengers suddenly stand up ? 

20. Why cannot a pin remain standing on its point, by 
itself, on a smooth hard surface 1 

21. Explain how the pin in the foregoing case may be 
kept standing. 

22. Give some familiar examples of the principle, that 
in order that a body may stand on its base, the vertical 
Uirough its centre of gravity must fall within the outline of 
the base. 

23. Show how the centre of gravity of a body may, in 
some cases, be found by experiment. 

24. What are the principles by which the C. G. of a body 
or a system of bodies may be determined 7 

35. Show by a geometrical method in each case how to 
lind the C. G. of— 

(a) A number of heavy particles. 
(6) A material straight line. 

(c) A parallelogram. 

(d) The iHiximeter of a parallelognim. 
(0) A triangle. 

{/) The perimeter of a triangle. 

(g) Any rectilineal figure. 

(h) A triangular pyramid. 

(i) Any pyramid with polygonal basau 

(j) A cone. 
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26. Prove that the C. G. of a triangle coincides with the 
C. G. of three equal heavy particles placed at the angular 
points of the triangle. 

27. Prove that the 0. G. of a triangular pyramid coincides 
with the 0. G. of four equal heavy particles placed at the 
angular points of the pyramid. 

28. Show how the position of the 0. G. of a system of 
particles may be found by calculation — 

(a) When the particles lie in the same straight line. 
J6) When they are in the same plane. 
[c) When they are not in the same plane. 

29. State, the principle of symmetry, and show how by 
its means the C. G. of many bodies may be determined. 



t 



Introductory Examples to Chap. XV. 

(a) A uniform bar 6 feet long weighs 10 lbs., and to one 
extremity a weight of 5 lbs. is suspended : upon what point 
will the bar balance ? 

The 0. G. of the bar is at its middle point since it is 
xmiform (Art. 249), and therefore its weight, 10 lbs., 
acts at this point. We may therefore imagine the 
bar weightless, and having two weights, one of 10 
lbs. at its middle point, and one of 5 lbs. at the end. 
The system will be in equilibrium when the resultant 
of these two forces passes through a fixed point, 
because then the reaction of the fixed point will be 
equal and opposite to the resultant of the system. 
The position of the fulcrum is therefore the point of 
application of the resultant. This point may be 
found by Art. 185 or by Art. 202. Choosing the 
latter method, let x = distance of fulcrum from the 
end to which the 5 lbs. weight is attached, and take 
moments round the fulcrum. Then, Art 202, 

S« w 10(3 - a;) .*. 05 = 2 feet from the end. 
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(6) A tmiform rod 3 feet long and weighing i lb. paases 
tbroa^ the centres of three balls wei^ung i lb., 2 lb&^ and 
3 lbs. respectively, the first having its centre at one end of 
^e rod, the second at ihe middle point, and the third at the 
other end : find the C. G. of the system. 

Since the rod is nniform its C. G. is at the middle 
point, and therefore the weight of the rod acts at 
this point. By Art. 189 the resultant wdghts^i 
+ (2 + i) + 3 = 7 lbs. Taking moments round the 
end where the 3 lbs. is placed and putting x = distance 
of C. Q, from that en^ we have, by Art 218, 

7a;=i x3 + (2 + 1)1^ + 3 xo = 7i/.a;=i^ feet from 
end where 3 lbs. is placed. 

Or: — ^Taking moments round the middle point, and 
putting a; =: distance of 0. G. from that point, we 
have, by Art 218, 

7aj = 3 X ij + (2 + 1)0 - I X ii = 3 /.a;=T foot from 

middle point =: i^ ~ t= i^ leet from end of rod. 

(c) At each of five of the angular points of a regular 

hexagon whose side is 10 inches a weight of 12 ozs. is 

placed : what is their resultant weight, and what is its point 

of application ? 

(The Student vnll draw a diagrwnh of the arrangement.) 
Let the vacant angular peint of the hexagon be called 
A, and for convenience of reference let A be placed 
to the right, so that the diagonal drawn from A to 
the opposite angular point B may be horizontal. 
Through the middle point of the hexagon draw a 
verticfJ axis CD. By Art. 1S9, the resultant weight 
as 5 X 12 = 60 ozs. Let X = distance of the point of 
application of resultant or C.G. of weights from the 
axis AB. By geometry two of the weights are 
distant 5V3 inches above AB, and two 5V3 inches 
below it, and one is on the line AB. Taking moments 
round AB, then Arts. 247, 220, 

6oa;=i2 X 5^3 + 12 x 5^3 r 12 x 5^3- 12 x 5^3 = 0. 
Therefore since the moments vanish xoond AB, the 
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C. G. is on this line (Art. 204). . Let y = distance of 
C. G. from the axis CD. By geometry two of the 
weights are distant 5 inches to the right of this line, 
two are 5 inches to the left, and one (at £) 10 inches 
to the left Therefore taking moments round CB^ 

6oy= 12x5 + 12x5-12x5-12x5-12x10= - 120 
/. y= -2 inches. Therefore the C. G. of the five 
bodies is on the line AB and two inches to the left 
of its middle point. 

Or : — If a sixth middle body were placed at A, by the 
principle of symmetry the C. G. would be at the middle 
point of AB. Removing the sixth body it is evident 
that the 0. G. of the five remaining bodies moves 
ba(^ along AB towards B. Let x = its distance from 
Idle middle point of AB,then, by Art. 202, the moments 
of the five bodies and of the sixth body round the 
middle point are equal and opposite. Therefore 

5 X 12 X 0?= 12 X io.\ 0?= 2 inches, the distance of the 
C. G. from the middle point. 

S0LUT10K8 OP Exercises to Chapter XV. Page 165. 

1. See Art. 226. 

2. For the answer to the first part of the question see 
Art. 230. 

By the Principle of Work (Arts. 132 and 133) the 
power X length of plane = resistance x height .*. calling 
P the power, R the resistance, I the length, and h 

h 

the height, we have P = R-r. The longer I becomes 

for the same vertical height, the smaller is the fraction 
7, and therefore the smaller the power required to 

overcome a given resistance. The horse by taking a 
zigzag path lengthens / while h remains unaltered, 
and therefore a smaller pull on the load is required. 
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3. See Art. 226. 

4. See Art. 240. 

5. See Arts. 238 and 231. 

6. (The Student wiU draw the diagram,) Let ABC be the 
equilateral triangle. Let the particles whose weights are 
each 2 be placed at the points B and C, and let the weight 
I be placed at A. Then, by geometry, AD, the perpendicular 
on BC, = 5^/3 feet. The C. G. of the particles at B and C is 
at D (Art. 233 or 185), and by the same Arts, the 0. G. of 
the particle i at A and the resultant 4 at D is found by 
dividing AD inversely as these weights. Therefore, as 

4+1:41- 5^3 ' Ws inches, the distance of the C. G. 
of the three particles from A. 

Or: — Employing Arts. 220, 247 (see also Example 5, 
page 135 Text-Book). The resultant = 2 + 2 + 1 = 5. 
Let X = distance of C. G. from BC, and take moments 
round BO .'. 

5aj=ixsV3.-.a;=v'3' 

Let y = distance of 0. G. from AD, and take moments 
round AD .•. 

5y=2xs- 2x5 = 0, 

Since the moments vanish round AD, the O.G. is in 
this line (Art. 202) ; and from the first equation the 
distance of the 0. G. from BC = ^3 inches /. the C. G. 
lies on AD at a point distant 5 ^3 - Vs - 4 v^3 inches 
from the vertex A. 

7. By Art. 228 the tower will stand so long as the vertical 
from its 0. G. falls within the base. When the slant height 
of the tower is 100 feet, it can be readily shown by geometry 
that the vertical from its centre falls on the circumference 
of the base, and therefore this is the greatest slant height 
that the tower can have. Since in this case the slant height 
to the centre of the tower is 50 feet, and the semi-diameter 
of the base is 30 feet, the vertical height from the centre to 
the base = 40 feet, and the whole vertii^ height of the tower 
ss 2 X 40 s 80 feet. 
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8. (The Student wiU draw the diagram.) Let ABC be the 
circular table, A, B, and C being points in the circumference 
equidistant from each other. Join AB, BC, AC ; then ABC 
is an equilateral triangle. Draw. AD perpendicular to BC 
and produce it to meet the circumference in P ; bisect AP in 
G. Then (Art. 249) the weight of the table acts at G. 
Now if a weight be placed oil oue of the segments such as 
BPC, it is evident that its effect in causing rotation rounc^ 
BC will be greatest when it is placed at the point P because 
then its moment round BC is greatest. But it can be easily 
shown by geometry that PD = t)G, and therefore if a weight 
equal to the weight of the table be placed at P, the moments 
round BC will be equal and opposite. Any greater weight 
placed at P will cause the table to overturn. 

9. (The Student vnU draw the diagram,) Let ABC be the 
comers of the triangular slab. From A draw AD to the 
middle point of BC, and take G a point in AD so that 
AG = 2GD. Then (Art. 238) G is the C. G. of the triangle, 
and the weight of the slab acts at this point Again (Art. 
194) the weight 90 lbs. at G is equivalent to 30 lbs. at A 
and 60 lbs. at D; and by the same Art. the 60 lbs. at 
D = 30 lbs. at B and 30 lbs. at C. Therefore since the legs 
support the whole pressure each of them bears a pressure of 
30 lbs. 

10. See Example 5, Text-Book, page 165. Let a; = distance 
of C. G. from the side CD, and y = do. from BC. Taking 
moments round these sides, then (Art. 247 or 220), 

(3 + 5 + 7 + 9)aJ = 3 X 12 + 5 X X2.'.aj = 4 inches. 
(3 + 5 + 7 ^ 9)y = 3x12 + 9x12 .•.y = 6 inches. 
Therefore the C. G. is 4 inches distant from CD and 
6 inches from BC. 

11. By Art. 194 the weight 50 lbs. acting at the 0. G. of 
the beam may be resolyed into two equal components^ one 
acting at the extremity of the beam 5 feet distant from the 
C. G., and the other at an equal distance from the C. G. on 
the other side. Hence if props are placed at these points 
the pressures on them will be equal. 

I 
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12. Les a; = distance of 0. O. from the giyen ertremity of 
the line. Then taking moments round that extremity we 
have (Art. 246), 

(7 + 4 + 2 + i)aj=:i X3 + 2X5 + 4X 7 + 7X9/.aj = 7jft., 
the distance of 0. G. from the extremity. 

13. Let a; = No. of feet in the length of the bar, then *jx 
= weight of the bar in lbs. Since the bar is uniform the 
weight 7^ lbs. acts at the middle point. The resultant of 
the weights passes through the fulcrum since there is 
equilibrium, &e resultant downward weight being then 
coimteracfced by the equal and opposite reaction of the 
fulcrum. Therefore taking moments round the fulcrum, the 
algebraic sum of the moments is zero (Art. 246), and hence 
the moments on one side are equal and opposite to those on 
the other. The distance of the further extremity of the bar 
from the fulcrum being {x - 3) feet, and the distance of the 
middle point (^ - 3) feet, therefore 

2o(aJ - 3) + 7a'(Jaj - 3) = 7ii ^ 3 •'• 

7aj" - 205 = 549 .*. 05 = 9 feet, the length of the bar. 

14. Let ABO be the triangle, whose perpendicular height 
is AL = h, and let DE be drawn parallel to the base BO and 
cutting the perpendicular AL at M so that AM = 7 AL = ^. 
Bisect BO in K and join AK. In AK take a point G so that 
GK = |AK. Then (Art. 238) G is the centre of gravity of the 
triangle ABO. Let P, a point in AK, be the 0. G. of the 
triangle ADE, and Q, also in AK, be the 0. G. of the space 
BDEO. Then it can be readily shown from the question, 
and from Art. 238, that the 0. G. of the whole triangle ABC 
is at a perpendicular distance from BO = |A, and that the 
0. G. of ADE is at a perpendicular distance from BO 
= {^ of 7)^ + ^ = ^^. Let 05 = perpendicular distance of 
0. G. of BDEO from BO. By Euc. VI, 19, 

AreaoftriangleBAOrareaof DAE : : AB«: AD«: : 3*:i. 

Hence if the area ADE be taken s i, that of ABO - 9, 
and of BDEO ax 8. Taking moments round BO, we 
have^ by Art. 247, 

I X I& + 8 X OSS 9 x^^.'.a; = i^s= distance from BO. 



SOLUTIONS OF EXEBGISBS TO CHAP. ZY. 131 

15. In the first position since the books project 3 inches 
beyond the table the centre of gravity of both is vertically 
over a point on the table 2 inches from the edge. If now 
ibe upper book be pushed 4 inches further on, its C. G. will 
be 2 inches vertically beyond the edge. Thus in this position 
the moments of the weights of the books round the edge of 
the table will be equal and opposite, and the books will 
therefore TemainjiLst balanced on the edge. 

16. If an eighth body of equal weight to one of the others 
be plaoed at the unoccupied angle, then the C. G. of the eight 
bodies would be at the middle point of the diagonal (Art. 
249). Again removing this body, it is evident that the C. G. 
of the remaining seven bodies will still lie on the diagonal, 
but more remote from the unoccupied angle. Let x 
= distance of the 0. G. of the seven bodies from the middle 

point, - being the distance of the eighth body from the same 

2 

point. Let w = weight of each body. Then (Art. 246) the 

moments round the middle point are equal and opposite, 

therefore 

<$ a 

'jwxx^wx- :.x= — , the distance from the middle 
' 2 14 

a a A. 
point : and — +-- = -a, the distance from the unoccu- 
* 14 2 7 

pied angle. 

Or: — ^We may use the method of Art. 222 or Art. 248, 
and take moments with respect to each of the three 
planes whose intersections meet at the unoccupied 
angle of the cube. Then since three of the particles 
are in each of these planes, and if as in Art. 222 we 
take r, r', r" the distances respectively of the C. G. 
of the seven bodies from each of the three sides, and if 
I be the^length of the edge of the cube, then by Art. 222, 

jto X r ^lol + wl + tol + wl :, r s ^. 

jw X r^' = wl + tol + wl + wl :, r" = |l 

i2 
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Hence the 0. G. of tlie seven bodies is equidistant from 
the three sides of the cube, being at a distance of ^ 
from each side. If then planes be drawn parallel 
respectively to the three sides of the cube from which 
moments were taken and' each plane at a distance 
of yZ from the side to which it is parallel, these planes 
will intersect at a point which is the 0. G. of the 
seven bodies : and it can be easily shown by geometry 
that this poiit is on the diagonal of the^c^ at^ 
distance of ^^th of its length from the unoccupied 
angle. 

1 7. (The Student will dra/u> the diagram^ Let ABC be 
the triangle and let D£ be drawn parallel to the base BC, 
and makmg the triangle ADE one-fourth of ABC. Then, 
from geometry, DE is one-half of BC, and the line AK 
ioining A with the middle point of BO is bisected by DE. 
Let A be the vertical height of the triangle ABC. Then, 
Art. 238, the C. G. of ABC is at a perpendicular distance 
from BC = JA, and the C. G. of ADE = (J of i)h + ^A = |A 
from BC. Let a; = distance of C. G. of BDEC fix)m BC. 
Let the area of ABC be taken = r, then ADE := ^, and 
BDEC = |. Then taking moments round BC (Art. 247) we 
"have 

Jxa5 + JxfA=i X JA. 

■ 

/. f a? + JA = ^ /. |« = ^A /. X = I A from base BC, or |th 
of the line bisecting the base measured along the 
bisector. 

18. Circles are proportional to the squares of their 
diameters, and therefore if the area of the large circle be 
called A, that of the small circle will be ^ A, and that of the 
remainder will be f A. Let x = distance of C. G. of the 
remainder from the centre of the large circle. Take moments 
round this centre ; then since this point is the common C. G. 
of the small circle and the remaining portion, it follows from 
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Art' 202 or 246 that the moments round this point are eqtuili^ 
and opposite. 

.'. JA X a? = JA X J .*. 05 = -^th of diameter, the distance 
of the 0. G. of remainder from the centre of the large 
circle. 

19. See Solution to Exercise 9. 

20. The middle point of the rod was its C. G. whei 
straight. When the rod is bent the middle point is at tli 
vertex of the right angle formed by the two equal arms, am ' 
the point of bisection of the line joining the middle point 
of these arms is (Arts. 235 and 233) the C. G. of the rod ii 
its new position. Now the line joining the middle point- 
of the arms is the hypotenuse of an isosceles right-angled 
triangle, each of the equal sides being 10 inches in length : 
and the distance of the middle point of the hypotenuse from 
the vertex is, by geometry, equal to half the hypotenus(^ 

= 5\/2 inches. 

21. See Exam. 5, page 165 Text-Book. We employ 
Art. 247. The weight of each side acts at its middle point. 
The middle point of AB is half of AG distant from BG, and 
half of BC distant from AC. 

Let X = distance of C. G. frx>m AC, and y — distance from 
BC. Take moments round AC, then (Art. 247), 

(10 + 8 + 6)x =10x3 + 6x3/. ip=t2 feet. 

Take moments round BC, then 

(io + 8 + 6)y=iox 4 + 8x4/.y = 3 feet. 

. Therefore the G. G. of the perimeter is at a point 2 
feet distant from AG and 3 feet from BC. 

d2. The area of the square = 100, and of the equilaterul 
triangle = — ^^3 = 25^3. The distance of the C. G. of tL» 

triangle from the common side = ^~— (Art. 238). Let a 
= distance of C. G. of the whole figure from the common 
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side. Take moments roxmd the common side; then since 
the moments of the triangle and the square are of opposite 
sign, we have, by Art 247, 

(100 + 25 Vi)x = 100 X s - 25^/3 X — - = 500 - 125 
= 375- 

. /p _. — ^1^ :s ^-=^ the distance from the side 

100 + 25V3 4 + ^3^ 
common to the two figures. 

23. {The StvderU will draw the diagram,) Let AB be 
the diagonal of the hexagon and AD, DC, CB the adjacent 
sides, so that ADCB = -^ a hexagon. Bisect AB in O, and 
join OD, OC. From O draw OK perpendicular to DC, and 
DF and C£ each perpendicular to AB. Find, Art. 238, 
the centres of gravity of the triangles DAO and COB and 
join them. This line is bisected by OK, and the intersection 
is the C. G. of the two triangles (Art. 233). Call this 
point M. Find, Art 238, the C. G. of the triangle ODC ; 
let this point be N. Then divide MN in the ratio 2 : i in 
the point G. G is the C. G. of the whole figure (Art 233). 

24. Let a; = distance of C. G. from the middle point. 
Take moments round this point ; then. Art 246, 

(7 + S + 3 + i>B=7^i2 + sx4-3X4-i x 12 
.*. 16a; = 80 .*. ^ = 5 inches from middle point 

25. Since the square is a material lamina of uniform 
thickness, the weights are proportional to the areas. The 
area of the triangle taken away =25, and of the three 
remaining =75. When the triangle is replaced, the 0. G. 
of the whole is the middle point of the square. Therefore, 
Art. 246, the moments of the triangle and the remaining 
portion of the square round this point are equal and opposite 
(Art. 246 or 202). The distance of the C. G. of the triangle 

2 ID . 

from the centre of the squares- x S-"!" ^®®* (Art 238). 
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Let a? = tlie distance of the C. G. of remainder from the 

10 

centre /. 7505= 25 x — :.x=i^ feet, the distance from the 

centre. 

26. Proceeding as in last solution, let »= distance of 
remaining part from the centre, then 

7 5^ = 25 X 2^ .*. ;p s= {- foot, the distance fr^m the centre. 

27. The area of the square cut out = i square inch, and 
of the remainders: 15 square inches. The distance of the 
0. G. of the small square from the centre of the large square 
is |V 2 inches. Let x = the distance of the 0. G. of remaining 
part from the centre of the squarei Then taking moments 
round the centre, we have, bj Art. 246, 

1 50; = X X ^^2 .'. X = Ytf^^ inches, the distance from the 
centre. • » 

28. The surfiice in this case means an indefmitelj thin 
material lamina bent into a conical shape. If this surface 
be cut from the vertex to a point in the circumference and 
then flattened out, it will form a sector of a circle. This 
sector maj be regarded as made up of an infinite number of 
triangles haying their bases on the circumference and their 
vertices at the apex of the sector. The G. G. of each of 
these triangles is at a distance from the base of ^rd the 
perpendicular height (Art. 238), and therefore if the sector 
be once more rolled into the suiface of a cone, its 0. G. will 
lie in a plane parallel to the base of the cone, and at a distance 
from the base = ^rd the perpendicular height of the cone. 
Hence, by Art. 249, the C. G. of the surface will be the 
intei'section of this plane by the perpendicular height 

29. The weights are proportional to their cubic contents. 
The solid contents of the cylinders are proportional to the 
products of their heights into the squares of their respective 
diameters .'. the cubic content of the first cylinder is pro- 
portional to 2* X 8 = 32, and of the second to 3* x 6 » 54, and 
the sum of their contents to 86. The distance of the 0. 0« 
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of tlie first cjlinder from the oommon surface of the two 
cylinders - 4, and the distance of the C. 6. of the second = 3. 
Let j; = distance of C. G. of the whole mass fitnn the 
common surface, then taking moments with respect to this 
surface, we have (Art 222), 

S6x =54x3-32x4.'.a;=:|^ inch from the common 
sur&ce. 

30. For conyenience of reference let the octagon be 
arranged so that the weights i and 2 and the weights 6 and 5 
will be at the extremities of horizontal sides, and the weights 
3 and 4 as also 8 and 7 at the extremities of vertical sides. 
Through the centre point of the octagon draw two axes, one 
horizoutal and the other vertical. Take moments round these 
axes, calling moments above the horizontal line positive, and 
those below negative, those to the right of the vertical 
positive, ahd those to the left negative. The distance of 
each of the weights t, 2, 6, 5 from the horizontal line is, bj 

geometry, \a{i + Vt), and that of each of the weights 8, 3, 
4, 7 is \a. The distance of each of the latter from the 

vertical is ^^(1+^2), and of the former is \a. Take 
moments round the horizontal axis. (See Exam. 5, page 165 
Text-Book), then, by Art. 247, 

36x= 8 K Ja+ I X Ja(i + */!) + 2 x \a{i + V2) + i'>^\a 

- 4 X ^ - 5 X ia(i + Vi) - 6 X \a{i + V 2) - 7 x ^a 

= -8 xia(i+i/2)= -4a(i+v' 2) .'.« = - (i + i/i) 

y 

below the horizontal 
Taking moments round the vertical axis, 

36y s 2 X Ja + 3 X Ja(i + -v^2) + 4 x Wi + ^/2) •¥ $'>ila 

- 1 X ^a - 8 X |a(i + -v/2) - 7 x \a{i + ^2) -6'ii\a 

d 
m - 4a(i + -v^a) .'. y =s- (x + V2) to the left of the 

vertical. 
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Therefore the distance from the centre = 



■J 



a^.. s-r a 



^(6 4.4^^2) =.-(2 + ^2). 

31. Arrange the hexagon so that the weights i, 2, and 
5, 6 are at the extremities of horizontal sides. Draw 
through the centre of the hexagon horizontal and vertical 
axes and take moments round these axes as in the solution 
to the last exercise. Then round horizontal axis we have 

2i« = I X ^aV^ + 2 X ^aV^ - 4 X Ja^3 - S x ^ V3 =* 

- 3aV3 /. X «= - V3, the distance of the C. G. below 

the horizontal axis. 
Bound vertical' axis we have 

2iy = 2x-^a + 3xa + 4x^a-5xia-6xa~i x |a = 

a 
" 3a .'. y^-, the distance to the left of the vertical 

Therefore the distance of the 0. G. from the centre of 

thehex.gon= y(^v'i)^(^y= J^-^T^ 
2a 



32. See Solutions to Exercises 25 and 26. 

Let X = distance of 0. G. of remaining part from the 
centre of the square. The distance of the 0. G. of 
the triangle from the centre is (Art. 238) = f of ^ s 
^. Taking moments round the centre, 

30; = I X |a .'. d? s ^7y the distance of C. G. from centre. 

33. Since the whole cone and the cone cut off are similar 
solids they are proportional to the cubes of their heights. 
Therefore the contents and consequently the weights of the 
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cones are proport i onal to 64and 8 respectiTelj, and tbe con- 
tents of the fmstiun to 64 - 8 s 56. B7 Art. 245 the dis- 
tance of the C. O, of the large cone from its base = i inch, 
and the distance of the 0. G. of the small cone from thesame 
base = (^+2) inches = 2^ inches. Let x = distance of C. G. 
of frustom from the base, and take moments round the 
latter /. 

56a; + 8 X 2^ ~ 64 X I /. a; = 1^ inch, the distance from 
the base. 

34. See Exam. 3, p. 145 Text-Book. Let R be the re- 
action at the lower extremity and B' at the upper. Besolve 
verticallj and horizontally and take moments round the 
lower extremity. Then 

B-W = o ..... (i) 
T-B' = o (2) 

Wx3i = B'x24 . • . - (3) 
From (3) B' = 14^, and from (2) B' = T /. T = 14^ lbs. 

35. See Exam. 5, p. 165 Text-Book. Let x = the distance 
of ti^e 0. G. from the side which has at its extremities the 
weights 5 and 9, and let ys= distance from side having 
weights 3 and 5. Taking moments round these sides, we 
haye 

1807^3x4+1 X4=:i6.'.aj=|ft. 
i8yax x4 + 9X4s4o.-.y = 2f fL 
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CHAPTER XVI. 
EXAMINATION QUESTIONS. 

1. What is a Machine ) 

2. State the general equation which applies to all machines 
moving uniformly^ and ^ow how it is obtained. 

3. What are the Simple Machines 1 How may they be 
classified ? 

4. What is the mechaniccd advantage of a machine 9 

5. What is a Lever ] 

6. Classify levers, and give examples of each class. 

7. Give an example of each kind of lever in the human 
body. 

8. State the equation for the lever which expresses the 
relation between the power and the resistance when in 
equilibrium. 

9. Show how this equation is obtained : (a), when the 
lever is at rest imder the action of the forces acting on it ; 
(6), when it is moving uniformly under their action. 

10. Sketch a combination of levers, and state the object 
of thus combining them. 

11. State and prove the rule for a combination of levers 
when there is equilibrium. 

1 2. Describe the Common Balance. 

13. What are the requisites of a good balance) Define 
each. 

14. Upon what does the accwracy of a balance depend 1 

15. Show that it is requisite that the beam and the 
supports of the scales should rest on knife edges. 

1 6. State and explain the efiects that would be produced : — 

(a) If the scale pans were rigidly connected with the 
beam; 

(() If when the beam is in equilibrium a scale pan 
were pushed inwards or outwards. 
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17. State tlie conditions on which the s'ahilUy of the 
balance depends. 

18. Show that the C. G. of the beam and scales should 
be below the axis of suspension. 

19. Show that the axes of suspension of the scales should 
be in the same plane with the axis of suspension of the beam. 

20. Show that the beam should be. rigid. 

21. Upon what does the sensibility of the balance depend f 

22. How are the conditions of sensibility secured in a well- 
constructed balance ? 

23. Show that stability and sensibUity are to some extent 
incompatible. 

24. How may the equality of the arms of a balance be 
tested 1 

25. Show how by an experimental method the true weight 
of a body may be obtained with a false balance. 

26. If the apparent weight of a body in each scale of a 
false balance be given, state and prove the rule by which the 
true weight may be calculated. 

27. Describe the Common Steelyard, and point out its 
advantages. 

28. Show how the beam may be graduated : (a), by an 
experimental method ; (6), by calculation. 

29. Describe the Danish Steelyard, and show how it may 
be graduated : (a), by experiment ; (6), by calculation. 

30. Compare the graduations of the Common and the 
Danish Steelyard. 

31. Describe the Wheel and Axle. 

32. Show that the wheel and axle may be regarded as a 
system of levers. 

22. State the rule for the wheel and axle, and show how it 
u obtained : (a), when at rest ; (b), when moving nnifomly. 

34. Give practical examples of the wheel and axle. 

35. Describe the Dififerential Wheel and Axle, and explain 
the principle upon which it is constructed. 

36. State and prove the equation for the Differential 
Wheel and Axle which expresses the relation between the 
power and resistance when in equilibrium. 
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37. State and prove the rule for toothed wheels when there 
is equilibrium. 

38. State the rule for a combination of wheels and axles. 

39. Describe the Inclined Plane used as a Simple Machine 
and define the terms height, length, and inclination of the 
plane, 

40. State and derive the relation between the power, the 
weighty and the reaction of the plane when there is equili- 
brium with an inclined plane : — ' 

(a) When the power acts parallel to the length ; 

(6) When it acts parallel to the base ; 

(c) When its direction makes a given angle with the 
perpendicular to the plane. 

41. Show how the foregoing results may be obtained in 
several ways. 

42. When two bodies support each other on two inclined 
planes of equal height, state and prove the relation between 
them. 

43. Show that the Wedge is a form of the Inclined Plane. 
44.' Give examples of the practical application of the 

principle of the wedge. 

. 45. Give a description of the Screw. 

46. Show that the screw is a form of the inclined plane. 

47. Obtain the equation for the screw when there is 
Equilibrium. 

48. Describe the Differential Screw and explain the 
principle upon which it depends. 

49. Obtain the equation for the Differential Screw. 

50. Describe the different parts of the simple machine 
called the Pulley. 

51. What is the use of the little wheels in pulleys ? 

52. Determine the relation of the power to the weight 
when there is equilibrium with a single movable pulley : — 

(a) When the cords are parallel ; 
(5) When inclined at a given angle. 
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53. Show how the relation between the power and the 
weight when in equilibrium may be determined — (i) 
neglecting the weights of the pulleys; (2), taking the 
weights into account— in each of &e following cases : — 

(a) In a system of pulleys with a single string ; 
(h) In a system with separate strings, where each block 
is supported by two tensions ; 

(c) In a system where each block is supported by three 
tensions ; 

(d) In a system where each pulley has a separate cord 
the end of which is attached to the weight. 

54. Obtain in each of the foregoing cases the general 
equation which expresses the relation of P to W. 

55. Determine in each case the pressure on the fixed 
support. 

56. Show how the results required in question 53 may 
be obtained by the Principle of Work. 
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(a) In a lever of the first kind the fulcrum is 2 ft. distant 
from the power, and ^ ft. distant from the resistance : if the 
latter be 100 lbs. what is the power that will produce 
equilibrium ? 

The arms of the power and weight are respectively 2 ft. 
and ^ ft., and| by Art. 255, 

P X 2 = 100 X J /. P = 25 lbs. 

(h) In a lever of the second kind the power is 4 ft. distant 
from the weight, and the weight i ft from the ^crum ; if 
the power be 10 lbs., what weight will it support] 

The arms of the power and weight are the distances 
from the fulcrum to the directions of the power and 
weight respectively, therefore arm of P = 5 ft., and 
arm of W = i ft. Hence, Art. 255, 

10 X 5 = W X I .-. W ss 50 lbs. 
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(e) In a lever of the third kind the distance from the 
weight to the power is 3 feet, and from the power to the 
fulcrum is 5 feet: what power is required to support a 
weight of 20 lbs. f 

The arm of P= 5 ft., and the arm of W = 8 ft., there- 

fore, Art 255, 
P X 5 = 20 X 8 /. P = 32 lbs. 

(d) In a wheel and axle, the circumference of the wheel 
s 10 ft. and that of the axle = ^ ft. : what power will 

support a weight of i cwt f 

Px io=ii2 x^.-. P = 5.6 lbs. 

(e) What power, acting parallel to the length of an 
inclmed plane whose height is 6 ft. and base 8 ft, will 
sustain a weight of 120 lbs. ? 

By geometry- the length of the plane =10 feet ; and, hj 

Art. 279, 
P : W : : A : I:. P : 120 : : 6 : 10 /. P = 72 lbs, 

(/) The circumference of the circle described by the power 
in a screw is 10 ft., and the distance between the thr^uls is 
I inch : what power will equilibrate i ton ? 

By Art 287, Px C = Wx(i.-.Px 10=2240 x^/.P 
= i8| lbs. 

(^) In a system of four movable pulleys where each 
movable block is supported by a separate cord the end of 
which is attached to a beam, ijxe power is 20 lbs. ; find the 
weight (a), when the weights of the blocks are neglected ; (b), 
when tliey are taken into account, each weighing ^ lb. 

See Art. 294. (a) The tension under the first movable 
pulley = 20 X 2 = 40 ; under the second = 40 x 2 = 80 ; 
under the third = 80 x 2 = 160 ; imder the fourth 
= 160 X 2 = 320 lbs., the required weight 
Or : — ^Art. 294, W = P x 2* = 20 x 2* = 320 lbs. 

(5) The tension imder the first movable pulleys 20 

X 2 - -j^ « 39-|^ ; under the second = 39i x 2 - J = 78-j^ ; 

under the third = 78 J x 2 - J = 156^ ; under the 

fourth =156^x2-^ = 31 2^ lbs., the required weight. 
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Solutions of Exebgises to Chap. XYI. Page 190. 

1. See Art 272. 

2. See Art. 263. 

3. See Art. 283. P : Q : : 15 : 20 : : 3 : 4. 

4. See Arts. 266-270. 

5. By Art. 194, we divide the resaltant weight of 112 IInl 
into two others acting at distances 4 ft. and 5 ft respec- 
tively. 

Hence as(5 + 4):4::ii2r 49^^ lbs., the weight borne 
bj the man 5 feet distant from the cask. 

And (5 + 4) : 5 : : 112 : 62|- lbs., the weight borne by 
the other. 

6. Dividing 10 ft. in the ratio of 12 to 18, we find that 
the fulcrum is distant 4 ft; from the .end . Where the 18 lbs. 
is attached. 

Or : — ^Let x = distance from end where 1 8 lbs. is attached. 
Then, Art. 255, 18a; = 12(10 -x) :,x = 4 feet. 

7. The oar of a boat is a lever of the second kind, the 
weight acting between the power and the fulcrum. The 
fulcrum is where the oar touches the water, the power where 
the oar is grasped by the hand, and the weight at the 
rowlock. 

The handle of a pump is a lever of the first kind, the 
fulcrum being between the power and the weight. 
The weight acts at the extremity where the piston 
rod is attached, the power where the hand is applied, 
and the fulcrum is the axle on which the handle 
turns. 

A crowbar may be used so as to be an example of any 
of the kinds of lever. When it is driven into the 
groimd uuder a stone and pulled backwards in order 
to lift the stone, it is a lever of the first kind, the 



80LUTI0K8 OF EXSBCISBS TO CHAP. XVI^ 145 

fulcrum being between the weight and the power. 
The weight is the stone acting at one end, the power 
acts at ^e other, and the edge of the hole on which 
the bar rests is tJie fulcrum. 

A wheelbarrow when lifted by the handles is an 
example of a lever of the second kind, the weight 
acting between the fulcrum and the power. The 
power acts at the handles, the weight at the box of 
the wheelbarrow, and the fulcrum is. at the axle of 
the wheel. 

A balance is a lever of the first kind with equal arms, 
the fulcrum being intermediate between the points of 
application of the two forces acting on the beam. 

A pair of tongs is a double liever of the third kind, the 
power acting at a point between the weight and the 
fulcrum. The resistance is the pressure exerted at 
the feet, the fulcrum is at the rivet of the legs, and 
the power acts where the hand grasps the tongs. 

A pair of scissors is a double lever of the first kind, the 
fulcrum being between the power and the resistance* 
The power acts at the handles, the resistance where 
the body is cut by the blades, and the fulcrum is at 
the rivet 

Examples of each kind of levers in the human body are 
given in Art. 254. 

8. See Art. 293. The sketch is similar to the first figure 
with an additioiutl movable and an additional fixed pulley. 

(a) W = P X in /. 160 = P X 2 X 4 /. P = 20 lbs. 

{b) W+'«7 = Px 271/. i6o + 4 = Px 2 X 4/. P = 2oJ lbs.. 

9. The sketch is like the second figure of Art. 293, with 
the last pulley left out. The successive tensions are formed 
as in Art 294. 

(a) Tension above lowest pulley = =50; above 2nd 

50 25 

= — = 25; above 1st = ^ = 12^ lbs., the required 

• 2 

power. 
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(6) Tension above lowest pulley = = 50J ; above 

, Soi+ 1 , , ^ 25I + 1 - „ 

2na = — ' — = 25f ; aboYO iBt=-=^^ — a 13! lbs., 

tbe required power. 

10. By Art. 293, W= P x 2n /. 48 = 6 x 2n .*. 

48 
n = T =4, the number of pulleys. 

11. See Art. 281. 

12. See Art. 296. 

13. See Art. 280. P: W: :6 :8/.P = 84 lbs. 

And B : W : : 10 : 8 .*. B= 140 lbs. 

14. Since the goods are placed in the scale attached to the 
shorter arm, the weight of the goods is greater than that of 
the weights when there is equilibrium. Hence the shop- 
keeper loses in selling the goods. 

Let X = the weight of goods in the scale attached to the 
shorter arm which balances i cwt. placed in the other 
scale, then, by Art. 255, 

ax 1 1 = I cwt. X 12 .'. a; = i-^ cwt. Hence goods weigh- 
ing i<^ cwt. are sold for i cwt., therefore the shop- 
keeper loses 3^ cwt. in every cwt. sold, or iO|^ lbs. 
per cwt. 

15. The weight is double the power. See Art. 291. 

16. See figure of Art. 294, omitting' the last movable 
pnUey. 

W = Px 2*=20x 2'= 160 lbs. 

KoTE. — The pulleys might be arranged in other ways, 
for example according to the arrangement of Art. 
295 or of 296 ; and a different weight would be sup- 
ported in each case. 

17. Since W = 8P, by th6 Principle of Work P will move 
through 8 times the space moved by W. Therefore space 
required s 8 feet. 
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x8. See Arts. 260-262. 

19. The arms are inversely as the weights that produce 
equilibrium, and are therefore as 10 : 12 or as 5 : 6. When 
the body appears to weigh only 10 lbs. it must be attached 
to the Sorter arm. Let it now be placed in the scale sus- 
pended from the longer arm, and let x be the weight in the 
other scale that produces equilibrium. Then, Art. 255, 

OS X 5 = 12 X 6.'. 03=14 •4 lbs. 

Or: — Since by Art. 264, the square of the true weight 
= the product of the apparent weights, it follows that 
12' = the product of the apparent weights ; and since 

144 

one of these is 10, the other is =14*4 lbs. 

10 

20. Let X = the distance of the fulcrum from the middle^ 
point, then, Art. 255, the resultant of all the weights passes 
through the fulcrum, and by Art. 246, the algebraic sum of 
the moments of the weights round the fulcrum is equal to 
zero, therefore the sum of the two moments on one side must 
be equal to the moment on the other. Therefore 

4(6 + as) + 605 = 10(6 - x) :. aj = i^ feet, the distance from 
the centre of the bar. 

21. See Solution to Ex. 19. When the body appears fo 
weigh 24 ozs. it must be attached to the longer arm. The 
arms are as 5 : 6. Let x = the required weight, then, by Art. 

255; 

a; X 6 = 20 X 5 .*. (3B = t6|- ozs. 

22. See Solution to Ex. 20. Let a; = the distance of the 
counterpoise from the fulcrum, and take moments round 
the fulcrum. Then, hj Art. 246, 

6x4=2x1 + 1x0; .'.(Bs 22 inches, the distance from 
fulcrum. 

23. The weight of the bar acts at its middle point. Let x 
s the distance of the fulcrum from the eztremitj where the 

k2 
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8 lbs. is attached, and take moments round the fulcrum. 
Then, by Art. 246, 

10(3 - a;) = 8 X oj /. a; s= if ft., the distance from the end 
of the bar. 

The pressure on fulcrum = resultant of weights (Art 
255)=s 10 + 8= 1.8 lbs. 

24. Since the beam by itself balances on a fulcrum 2 ft. 
distant from the thicker end, the C. O. of the beam is 8 fb. 
distant from the smaller. When the weight of 1 20 lbs. is 
attached the fulcrum is 2 ft from the smaller end, and is 
therefore 6 ft from the point where the weight of the beam 
acts. Calling this weight W and taking moments round 
the fulcnim, we have 

"W X 6 = 120 X 2 /. W = 40 lbs. 

25. (a) The power required = 1 00 x 10 = 1000 lbs, 

(6) The power required to overcome friction and re- 
sistance of air= 1000 lbs., and to draw the train up 

the incline * y^th of its weight = — = 2240 



lbs. .'. the power required = 1000 + 2240 = 3240 

"Note. — The power required to draw the train up the 
incline is obtained from Art. 279. 

P : W : : Height : Length /. P : 100 x 2240 : : i : roo. 

26. See last solution. A force = y\fth load is required to 
overcome friction, and a power = £^th load to draw it up the 
incline of i in 10 (Art. 279). Therefore the whole force 

224.0 

27. See Solution to Exam. 5, page 190 Text-Book. 

28. By the Principle of Work, P x 120 = 2240 x 3 /. P 
s 56 lbs. 

29. By Art. 258, P x 4 x 7 x 5 = W x i x 2 x 2 /. -5- = -1- 

* 4 
B 35, the mechanical advantage. 
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30. In selling the first cwt. let the goods be placed in 
the scale attached to the shorter arm, and let x be theip 
tnie weight. Then a5 x 7 = i cwt. x 8 /. a5= ly cwt., and 
therefore the seller loses ^th of a cwt., since he sells ly cwt. 
for I cwt. 

In selling the second cwt. let the goods "he placed in 
the scale attached to the longer arm, and let y be 
their true weight. Then y x 8 = i cwt. x 7 .*. y = |- 
cwt., and therefore the seller gains i cwt., since he 
sells I cwt. for i cwt. 

Therefore, in the sale of 2 cwts., the seller loses (]■ - J) 
= -^ cwt. = 2 lbs. — that is, he loses i lb. per cwt. 

31. By Art 272, PxO = Wxc. 120 x 12 = Wx i^.. W 

s= 960 lbs. 

32. By geometry the base = V25*- 7^ = 24. 

(a) P : W : : height : length .*. P : 2240 1:7 : 25 .. P 
= 627^1b& 

(6) P : W : : height : base/. P : 2240 : : 7 : 24/. P 
= 653J lbs. 



33. By Art. 279, Height : Length 



Power : Weight 
10 : i6f 



3 ' 5- 

34. Let X = the weight on the shorter plane, then, by 
•Art. 283, X : 100 : : 15 : 25 /.a; =60 lbs. 

35. By Art. 287, P.C = W-rf.-.P x 15 = 100 x l.-.P= i| 
lbs. 

36. By Art. 287, P.C = W.rf. The diameter of the 
circle described by the power being 120 inches, C=i20 

X 3*14150.'. P = — 77- = ^^ — = 1*5 lbs. nearly. 

^ ^ ^^ C 120x3.14159 ^ ^ 

37. See Arts. 252 and 289. The mechanical advantage 
in ^e screw is the ratio W : P, which is the same as the 
ratio C:d — that is, the ratio of the circumference of the 
circle described by the power to the distance between two 
threads of the screw. 
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38. The diameter of the wheel 3:30 inoheB. As 7 : 22 

: : ^o : — - inches, the circumference of the wheel. Hence 

7 

in 7 revolutions the power moves through ^x 7 = 660 

7 
inches ; and, by question, the weight rises through ^^ fL 

sz 66 inches. Therefore, by the Principle of Work^ 

P X 660 = 30 X 66 .*. P = 3 lbs. 

39. In order to sustain the weight, the man has to pull 
on the cord with a force = the weight = 112 lbs. (Art. 291). 
The pressure on the ground due to his weight is evidently 
lessened by the amount of the pull, therefore this pressure 
= 168- 112 = 56 lbs. 

40. The strain on the beam (Art. 297) is equal to the 
sum of the tensions that act on the beam ; therefore the 
strain in this case = 112 + 112 = 224 ^^ 

41. By Art. 294, the pull required to sustain the weight 

W 112 rm 

of 112 lbs. = — ^ = — ^ = 14 lbs. The pressure on the ground 

2 2 

is lessened by this amount, therefore the required pressure 
= 168- 14= 154 lbs. 

42. See Art. 294. The tension above the lowest pulley 

s=£i^ — ^ = 57 > above the second = Hi? = 2 9!; above the 
2 2 

first = £2l — ? = is|, which is the pull required to sustain 
2 

the weight. Therefore the pressure on the ground = 168 

-iSj=iS2ilbs. 

43. By Art. 293, W = P x 2n= 50 x 2 x 4 = 400 lbs. 

44. The whole weight supported = 112 + 4s: 116 lbs. By 

Art. 293, W = Px 2n.-.P-— =— = i4j lbs. 

2n 2 X 4 
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45. See Art. 295. The tension above the lowest palle^ 

= -^ = 4S; above the second = ^=i5 3 above the first 
3 3 

s-^= 5 lbs.y the required force. 

46. The mechanical advantage (Art. 252) = 135 : 5 = 27. 
47* See Art 295. The tension below the first pulley 

= 20x3-3 = 57 ; below the second = 57x3-3 = 168 ; 
below Qie third = 168 x 3— 3 = 501 lbs., the weight re- 
quired. 

48. The whole weight = 200 lbs., and this is to be raised 
by a power of 20 lbs. Now, in the arrangement of Art. 
293, W = P X 2TO. Substitutbig the values of W and P, we 
have, 200 = 20 X 2n; so that with the system of Art. 293, 
if we use 5 movable pulleys the power of 20 lbs. will sus- 
tain the weight of 200 lbs. By the Principle of Work, when 
the system is moving uniformly the power must move through 
10 times the space moved by the weight, and therefore the 
distance through which the power acts will be the same as if 
it were applied directly to raise the weights one by one. 

49. See Fig. of Art 296. Since there are five movable 
pulleys, there are in all six puUeys, the upper one being 
fixed, and there are six cords connected with the weight. 
In the cord passing round the lowest pulley there is no ten- 
sion since there is no power ; therefore the tension of the 
first cord connected with the weight = o. The first movable 
pidley weighing 3-|^ ozs., this is the tension throughout the 
cord passing over the second pulley ; therefore the tension 
of the second cord joined to the weight = 3^ ozs. Since two 
tensions, each equal to $^ ozs., act on the second pulley, it is 
pulled down with a force of 3^ x 2 = 7 ozs. ; and as the 
weight of the pidley = 3^ ozs., tibe third cord has a tension 
of 3^ X 2 + 3^ a: 10^ ozs. Similarly the fourth cord has a 
tension of lojt x 2 + 3^ = 24^ ozs. ; the fifth a tension = 24^ 

X 2 + 3^ = 52I0ZS. ; and the sixth a tension = 52^ >( 2 + 3f 
= 108^ ozB. The weight is supported by all these tensions, 
therefore, since there is equilibrium, the weight = 3^ + loj^ 
+ 24J + 52 J + 108^ s I99i ^^"^ 
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50. By Art. 258, P X 12 X 25 = 150 X I X 2 /. P= i lb. 

51. By Art. 272 (12 X 42) X 7^=sWx iJ.-.W = 3024 lbs. 

52. This is a lever of the second kind. The arm of tfie 
power = 8 feet, and the arm of the weight = 3 feet. By 
Art. 255, 

P X 8 = 40 x 3 /. P =15 lbs. 

Pressure on fulcrum = resultant of the forces « W - P, 
since they act in opposite directions = 40 - 15 = 25 
lbs. 

53. The oar is a lever of the second kind, the fulcrum 
l)emg at the end which touches the water, and the weight 
acts at the rowlock. The arm of power is, therefore, 12 feet, 
and the arm of weight 9 feet. By Art. 255, 

30 X 12 = W X 9 /. W = 40 lbs. 

54. In this windlass the power is the push applied at 
-such a point of the handle that the arm of i)ower = 36 inches. 
The resistance acts along the centre of the cord which 
passes round the axle, and as the radius of the axle is 3 
inches, and half the thickness of the rope ^ inch, the arm 
of the weight = 3^ inches. Then, Art. 272, 

PxB = Wxr/. 120 X 36='Wx 3^.'. W=i234f lbs. 

55. By Art. 287, PxC = Wxc. The diameter of the 
circle described by the power being 12 feet, the circumfer- 
ence = 12x3* 14159 j and as there are 150 threads in i ft., 
the distance between two threads = jj^ ft. Therefore, 

Px 12 X 3.14159 = 2240 x^/.P=: .3961b. 

56. By Art. 276, 3x5x5x5x5 = Wxixixixi 
.•.W=i875llis. 

57. By Art. 274, 50 X 10 = W X —HIS :,W= loooo lbs. 

58. Since the weight = 200 times the power, then, by the 
Principle of Work, the power must move through 200 times 
the space moved by the weight. Therefore space required 
six 200 = 200 inches = i6f foet. 
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[*] CHAPTER XYIL 

KXAMINATION QUESTIONS. 

1. What is Friction ? 

2. What reactions are possible (a), between smooth 
surfaces ; (6), between rough surfaces 1 

3. Explain what is meant by the angle of friction for two 
bodies. 

4. Define statical friction. 

5. Define kinetic friction, and mention its diflferent kinds. 

6. State the Laws of friction, and explain how they have 
been obtained. 

7. What are the limitations to the truth of these laws 1 

8. Explain what is meant by the coefficient of friction for 
two bodies. 

9. State and prove the relation which exists between the 
coefficient of friction and the angle of friction. 

10. How may the angle of friction be determined by 
experiment, and how may the coefficient of friction be then 
calculated ? 

11. How may the coefficient of friction be determined by 
experiment, and how may the angle of friction be then 
calculated % 

12. Show that when a surface is inclined at such an angle 
that a body resting upon it is on the point of sliding, the 
angle of inclination is the angle of friction for the two 
surfaces. 

13. What conditions alTect the value of the coefficient of 
friction for the same two surfaces ? 

14. Show that friction always helps the weaker force. 

15. If the weight of a body be W, and the coefficient of 
friction be /n, determine the friction (a), when the body is 
on the point of moving on a horizontal plane ; (6), when, in 
motion on the plane. 
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1 6. A body whose weight is W, is sliding down a rough 
inclined plane whose inclination is t ; if the coefficient of 
friction bid fi, determine the inclination. 

17. How may the relations between space, time, and 
velocity be determined in the case of bodies moving upon 
rough inclined planes 1 

18. State and prove the equation which expresses the 
relation between the power and the resistance in the Lever, 
taking friction into account. 

19. State the similar equation for the Wheel and Axle. 

20. Investigate the rehition between the power and the 
weight for ^e general case of equilibrium on a rough 
Inclined Plane, and from it derive the equations which 
express the relations for the other cases. 

2 1. Determine the relations between the power and the 
I'esistance on a rough inclined plane (a), when the body is 
on the point of moving up the plane ; (b), when on the point 
of moving down. 

22. A body whose weight is W rests on a horizontal plane 
and is on the point of moving under the action of a force P 
which acts at an inclination to the horizontal plane, find 
the value of P, the coefficient of friction being /x. 

23. Determine the most advantageous angle at which a 
force may bo exerted on a body placed on a horizontal plane. 

24. Determine the most advantageous angle at which a 
force may bo exerted on a body placed on an inclined plane. 

25. Investigate the formula for the Screw with friction, 
and give the different forms of the equation. 

26. State some of the practical advantages and disadvan- 
tages of friction. , 



Solutions of Exercises to Chap. XYIJ. Page 207. 

I. By Art 310 the coefficient of friction in the first case 

tan30**sJL! and in the second cases tan 45*^83 1. 
V3 
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2. See Art 310. fi= •625 = 4 /.tan ^ = f.'. the reqiiired 
indination is the angle whose tangent is f. 

3. Proceeding as in Art. 317, we have 

P COS 30° + /iR - 250 sin 45° = o. 
P sin 30** + R - 250 cos 45® = o. 
fiF sin 30** + fiR - /i25o° cos 45® = a 
/. P^:* sin 30** - cos 30°) = 250 (/i cos 45® - sin 45*^. 

fism^o -cos 30° -^ i^^-Ws 

^2-6^^^, 88.2 lbs. 
1-6^3 

Proceeding in the same waj in the second case we should 
find similfLT equations but with + sign /. 

P= 250 =r-= 217*4 lbs. 

1 + 6V3 

4. See Exam. 3, page 206 Text-Book. Since the angle 
of inclination of the ladder is 45^ the distance from the foot 
of the ladder to the wall is equal to the vertical distance 
from the ground to the top of tbe ladder. Let this distance 
be d. Let B = the reaction at the foot of the ladder, and 
B' that at the top. Let /i ( = |) be the coefficient of friction 
between the ladder and the ground, and fi be that between 
the ladder and the wall Let W be the weight of the ladder, 

whose length is \^2<p9 and suppose the man has just reached 
the top. Besolve vertically and horizontally and take 
moments round the foot of the ladder. Then 

R + ^'R'-W--=o (i) 

2 

/«R-R' = o (2) 

■Wx^ + 5?x.rf-R'i-/i'R'tf-o (3) 

2 2 
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■x%r 

Fzom equation (2) K' = fiR and B = !1. Sabstitutiog 

fi 2 2(1+^/1') 

From equation (3) R' = -^. /. ^, = 3^/^ ... ^' ^ 
^ ^^^ 1+/1' TT^ 2(i+/^/i') • 

5ff = ^-— ? = y, the required coefficient. 

5. See Arts. 312 and 310. 

And /i = tan .'. ^ = the angle whose tangent is ^. 

6. Let /i be the coefficient of friction, and R the reaction 
to the plane. Resolving along the plane and at right angles, 
we have 

I W - /iR - W sin 30° = o. 

R-Wcos30° = o. 

Multiplying the last equation by ^ and adding, we find 

|W - fiW cos 30"^ - W sin 30^ = o. 

2 2 V 3 

7. Since the wall is smooth there is no friction at the 
upper end. Let /i ( = • 5) be the coefficient of friction at the 
lower end. Since the ladder is 10 feet long, and the lower 
end 6 feet from the the wall, the upper end is 8 feet from 
the ground. Let 6 = angle of inclination of the ladder ; then 
cos d - f and sin 6 = 7. Let R be the reaction at the lower 
end, and R' that at the upper. Let x = the length the man 
has ascended when the ladder begins to slide. 

Resolving' vertically * and* horizontally, and taking 
moments round the lower end, we find 

w+ 3W- R=V .' . . .* / ! .'.'..'/ (i) 

^R- R'.=.o . • • W 

3Wa:co80 + W5cos0-R'ioBin0 = o .... (3) 
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From equations (i) and (2), R'=^R, R = 4W.-. R's 
4 /iW ; substituting in (3) the value of R' and the 
values, of cos and sin 0, we have 

3Wa? x| + 'Wx5x.4-4xJxWxiox|^ = o/.a5x| = 
I3--«=7t ft« 

8. (a) By Art. 310, coefficient of friction = tan 30** 

I 

=^; ,...^ 

(5) By. Ai^t 312,. F = /iW=r7=x 100 = 57.7 lbs. 

9. By Art. 320, the most advantageous angle in this case 

=30°. 

Let P act at this angle, and let motion be on the point 
of taking place. Resolving vertically and horizon- 
tally, we* find 

P sin 30° + R - 100 = o 

P cos 30° - /iR = o 

Multiplying the terms of the first equation. by fi and 
adding to the second, we have 

lilOO 

P(,.sin 3o<> + cos 30^) == /iioo /. P = ^ 3^ ^^0 ^ ^^ ^^^ 

• I 

— X 100 



^/3 100 



rr- = TTT = 50 lbs., the required force. 

-i-xi + J^ i + TT 5 ' 

xo. By Art. 317 when the body is on the point of moving 

up the plane, ^ = ^^Tirfff^' ^^ '"^^'' ^^ 
body is on the point of moving down the plane, P 

= — - — 5 • — a' These are therefore the extreme 

cos - fjism 

limits of the value of P. If P have any intermediate value 

the forces will be in equilibrium. 



158 SOLUTIONS OF EZBB0I8ES TO OHAP. XYIZ. 

11. See Exam. 3^ p. 206 Text-Book. Let a; s: length of 
ladder ascended when motion is on the point of taking place. 

W 

Let Z= length of ladder ; W = weight of ladder ; — weight 

of man ; K = reaction at lower end ; B.' = reaction at tipper 
end; /a = -^ = coefficient of friction at lower end; ;x' = J = 
coefficient of friction at upper end. Resolve verticedlj and 
horizontally, and take moments round the lower end. Then, 

R+yR'-W-— = (i) 

z 

^R-R' = o (2) 

I W 

W-cos45° + — a? cos 45° - /x'R' I cos 45** 

2 z 

- R' ^ cos 45° = (3) 

From (2), fiB, = R' /. |R = R' 
Substituting in (i), 7R = 9W /. R = ^W. 

1 W 

Substituting in (3), W- + —a - J x ^Wl-^Wl^o 

2 z 

I X ^l 9? 
•'•2"*'a"i4""i4"^^ 
.-, a? = |7 = |. length of ladder. 

1 2. Let F = the force of friction which acts up the plane, 
and let R = the pressure at right angles to the plane. Resolv- 
ing along the plane and at right angles, we have 

F - 50 sin 30® = o /. F = 50 X J= 25 lbs. 

R-5ocos3o° = o.*.R = Sox — 2.= 2S\^^ lbs. 

2 ** 

13. The resultant reaction is the resultant of the two 
forces F and R, which are at right angles to each other .'. 

Resultant = V2^T(2S\^ = 50 lbs. 

The sine of the angle which this resultant makes with 
B = 1^ = 1^ = sin 30*" .'. the direction of the resultant 
makes with that of R an angle = to the inclinatioa 
of the plane, and is therefore vertical. 
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14. Kesolving along the plane, 

F — 100 sin t=o /. P = 100 X ^= 20 lbs. 

15. Let P = the force. F now acts downwards and is 
s 20 lbs. Hesolving along the plane, 

P - 20 - 100 X ^ = o /. P = 40 lbs. 

16. Bj Art. 279, when there is no friction, 

P : W : : height : length /. height : length : : 3 : 5. 

Therefore sin t = ^^ cos i = 4> «^d fi = ■^. 

With friction, resolving along the plane and at right 
angles, 

P-/iR-Sox4 = o (i) 

From (2) R = 4o. Substituting in (i) we find Pa 

34 l^s- 

Hence any force greater than 34 lbs. will draw the 
body up the plane. 

17. B7 Art 315, 

P _ ^'^i +/i* + fir ^ P _ 24^1+^ + ^x1 ^ 
W aVi+fA'- fir" 1000 120^1 + 3^- ^x I " 

_P_^ 2WT7 + I ... p ^ looo (^4^7 + = aoa-s lbs. 
1000 i2ov^i7-i 120^17-1 

18. By Art. 255, P x 10 = 1000 x 2 .*. P= 200 lbs. 

19. Let a vertical section be made passing through the 
plane and ihe centre of the parallelepiped. Since the 
parailelopiped is on the point of sliding, the inclination of 
the plane = angle of friction = <t> ; and since it is on the point 
of overturning, the vertical through its C. G. falls on the 
boundary of its base. It is easy to show by geometry that 
this vertical makes with "the side of the section of the 
parallelepiped an angle = the inclination of the plane = ^. 
From the centre of the parailelopiped draw a perpendicular 



c/> 



# 



y 
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to the base of the parallelopiped, and call this perpendicular 
X, From the same centre draw a perpendicular to the side 
of the parallelepiped ; this perpendicular = i, since bj the 
question the base = 2 feet square. Therefore 

• s tangent of angle which the vertical makes with the 
sectional side of parallelopiped = tan ^ = /i (Art. 309). 

.'. - = fc = J /. a? = 2 = half the height of the parallelo- 
piped .'. the height required = 4 feet. 

20. B7 Art. 315, 

P = W-r-pr=---i— =*ioo — .■ * \ ^ = 100 > \ 
av I \ii^ -iLT lov I + i - i X i 5v 5 - i 
= 2j^-81bls. 

21. By Art. 255, P x 10 = 100 x 2 .". P= 20 lbs. 

22. By Art 315, 

P_ VjTg + /ir .^^^ i2V7Ti-ix^ _ ^6V5--^ 

W oVi+^i'-ztir"' 4V^i + i + ixi 2Vs4-i 

= 55.7 lbs. 

P c c£ + ^ 20 6 1 + ^x6 20 

23. By Art.32i,^ = g.^-3^/.^ = — .^_^^^/.;^ 

6 10 __ „ 

= x — /. W = 1 104 lbs. 

144 23 

20 X 14.4. 

24. By Art. 287,P-C = W.(i.-.W = ^ = 2880 lbs. 

25. By Art. 313, the acceleration =:p (sin i- ^ cos i). 

(i) * = i/<« = ^(sin 60° - i cos 60°) X 3« = J X 

V3 ^3 

32(— - i X J) X 9 = 144— - 144 X I = 72^3 - iS 

= 106 -7 feet. 
(2) v=yi5 = ^(sini-/icost> = 32f— -ix^j X3 = 96 

x — ^ - 96 X J = 48V3 - 12 = 71 • I feet i)er i". 

z 
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26. = 30° /. /i = tan = tan 30® = -j= . 

(i) t?=/< = s^(sint-^cos2)< = 32^-^-;^x4Jx2 

64 .- 



= ^^(K) 



2 = — VS = 36 • 9 fe t per i". 



w" V? 1 0000 



(2^ S = — >= --: — : :7 

^ 2/ 2*/(^8ini + /iCOSl) 



2 X 3 2 (sin 30° -h -^-00830") 



I 0000 I 0000 






?/• 1 00* 



27. .g = : — : = '. = ^12* s feet. 

' 2g sin % 2 X 32 X sni 30 '^ ^^ 



28. XS"^ Arts. 43 and 313, the spaces are 

I^\ . /jX ; ; _. 

^ ^ 2y sin i ' ^ ^ 2^(sm t + ^ cos i) 
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